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1. Introduction

A fundamental step in obtaining an efficient implementation of the QR algorithm
to find eigenvalues of a matrix A ∈ R

n×n is the reduction of A to Hessenberg form:
This is the typical first step for obtaining the Schur reduction of A. Likewise, to
find the singular value decomposition (SVD) of A, initial reduction to bidiagonal
form is mandatory for obtaining efficient techniques. These points of view are
well understood, and well presented in basic textbooks (see [6]). Moreover, how to
obtain Hessenberg, respectively bidiagonal, forms of a matrix A is a well studied
problem, and efficient algorithms exist for this scope; again, see [6].

Here, we consider a matrix valued function of one real variable, A: t ∈ R →
A(t) ∈ R

n×n, of class Ck, k ≥ 1, which we will write as A ∈ Ck(R, Rn×n), or more
simply as A ∈ Ck, since we only work with square matrices. Now, for the function
A, it is not necessarily true that the Schur form or its SVD exist with the same
degree of differentiability of A. Sufficient conditions to guarantee that these forms
exist with some degree of differentiability (possibly less than k) are in [2]. The
analytic case is treated in [1] for the SVD, and in [5] for the Schur form when A
has only real eigenvalues. Now, in case the Schur or SVD forms of the function A
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exist, analytic or differentiable, it is natural to expect that efficient algorithms for
the computation of these smooth decompositions will need to pass through smooth
simplification of A to Hessenberg, respectively bidiagonal, form. Indeed, some of
the algorithms put forward in [3, 4] require this to be the case.

In this work, we explore the degree of differentiability of transformations
of the function A to Hessenberg, respectively bidiagonal, form. Beside the above
algorithmic motivation, the issue is of independent interest and our analysis is
useful to better understand theoretical performance of the standard linear algebra
algorithms to find the Schur form, or the SVD, of a matrix A.

Remark 1.1. When considering smoothness of decompositions for matrix valued
functions in Ck(R, Rn×n), one should not be interested only in exploring possible
pathological behavior of a specific function A, but it is more meaningful to look
at the behavior of the entire family of such Ck functions. For this reason, in our
results in Section 2, we will make some assumptions which may at first sight
appear ad hoc. However, our assumptions hold in an open and dense subset of Ck

functions, and hence it is a generic property that a matrix function satisfies these
assumptions. For background on genericity, we refer to [7].

In Section 2 we give results on smoothness of Hessenberg and bidiagonal
forms. We first give a general sufficient condition, and then more precise conditions
motivated by generic properties of smooth functions. All along, we will exploit
the relation of these simplified forms to appropriate Krylov functions. Use of the
“Implicit Q-Theorem” will prove essential to determine the degree of uniqueness
of these simplified forms. Uniqueness makes things simpler because if there is a
“unique” reduction, and we know that there is a smooth one, then that must be
the one. When we do not necessarily have uniqueness, but still have guarantee
of existence of a smooth decomposition, it is not obvious how to retrieve it. In
Section 3 we see how –in principle– this may be done.

Remarks 1.2.

(1) We restrict to functions depending on one parameter for several reasons. First
of all, smoothness results on decompositions of functions of two or more vari-
ables are much harder to get by, also for analytic functions (see [8]). Secondly,
practical continuation algorithms for functions of several parameters proceed
by holding all parameters frozen except one of them, and thus one ends up
having to continue decompositions for matrices depending on one parameter.

(2) In this work, we are restricting to square matrices. Obviously, this is needed
for a similarity reduction to Hessenberg form. For the case of reduction to
bidiagonal form, however, our results extend easily to rectangular functions
A ∈ Ck(R, Rm×n), m > n, as long as A is full rank. The construction now
would require an initial reduction to a square problem by finding a smooth
orthonormal basis for N (AT ) as done in [4].
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2. Hessenberg and Bidiagonal forms

In this section we examine smoothness of reduction to Hessenberg form for general
matrix valued functions, and then further to bidiagonal form (via reduction to
tridiagonal form for symmetric functions).

2.1. Hessenberg form

The problem here is the following.
We are given a function A ∈ Ck, k ≥ 1, and a unit vector v ∈ R

n. [The
case of v being also a Ck function can be handled similarly.] We want to find Q
orthogonal, such that QT AQ = H , with H upper Hessenberg and the first column
of Q given by v, Qe1 = v. Moreover, we want to have Q smooth, though possibly
less smooth than A itself.

The fundamental theoretical backing is given by the well known interplay
between the Hessenberg form and the QR factorization of the associated Krylov
matrix valued function K below (for t ∈ R):

K(t) = [v, A(t)v, . . . , An−1(t)v] . (2.1)

Using [2, Theorem 3.1], we immediately have the following existence result, essen-
tially Theorem 3 in [3].

Theorem 2.1. If there exists d, 0 ≤ d ≤ k, such that

lim sup
h→0

1

h2d
det

(
KT (t + h)K(t + h)

)
> 0

for all t, then there exists Q ∈ Ck−d, orthogonal, such that

QT (t)A(t)Q(t) = H(t) ,

where H is upper Hessenberg for all t. Moreover, H is unreduced 1 except at most
at isolated points, where K is not full rank.

Proof. The proof is the same as in [3, Theorem 3]. �

We now want to characterize rank conditions on K in terms of choices of the
first column v of Q. We state the following results purely in linear algebraic terms,
that is when the objects involved are just matrices, not matrix valued functions. Of
course, the rank of A itself plays a role in the value of rank(K). After all, the last
(n − 1) vectors making up K all lay in the range of A. The following elementary
result summarizes this consideration:

If rank(A) = n − q, then rank(K) ≤ n − q + 1 .

A more precise characterization, which relates the rank of K to the choice of
v and the invariant subspaces of A is expressed in the property below; this result
appeared first in the Control Engineering literature, see [13, section 1.2], and later

1we recall that a upper Hessenberg matrix H ∈ R
n×n is called unreduced, or proper, if Hi+1,i 6= 0

for i = 1, . . . , n − 1.
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rediscovered by the numerical linear algebra community, see [10, section 12.2] and
[12, section 6.2].

Property 2.1. Let A ∈ R
n×n, v ∈ R

n, vT v = 1, and K = [v, Av, . . . , An−1v]. Then,
rank(K) is the dimension of the smallest invariant subspace of A containing v.

Remark 2.2. In practical terms, since invertible matrices are dense in the set of
matrices, one should expect the matrix K to be of full rank for basically all unit
vectors v; see also [13, section 1.5]. [This is because a p-dimensional invariant
subspace of A, with p ≤ n − 1, spans a set of measure 0 in R

n.] Now, recall
that techniques which seek a Schur form of a matrix A typically perform a pre-
processing step bringing A to Hessenberg form by a matrix Q : QT AQ = H ,
where H is upper Hessenberg and the first column of Q is some unit vector, v. As
a consequence, since full rank of K implies that H is unreduced (see [6, Theorem
7.4.3]), one should expect the Hessenberg form of a general matrix to be unreduced.

When we consider functions, things are somewhat more complicated, but the
above considerations are still useful and provide insight into what are appropriate
and reasonable assumptions to make. We begin with an important observation.

Remark 2.3. As it is well known, a Ck function A generically has rank(A) ≥ n−1,
and rank(A(t)) = n − 1 at isolated values of t. This is nothing more than the
rephrasing of the fact that the only generic co-dimension one bifurcation for
which A loses rank is the “quadratic fold” bifurcation; e.g., see [9]. As a con-
sequence, relatively to the function K of (2.1), the function K will generically
satisfy rank(K) ≥ n − 1, and rank(K(t)) = n − 1 at isolated values of t. [This is
because a one parameter p-dimensional invariant subspace of A has codimension
n − p + 1.]

Remark 2.3 has an important consequence of practical relevance, which is
summarized next.

Theorem 2.4. If rank(K(t)) ≥ (n−1) for all t, where K is given in (2.1), then there
is a Ck upper Hessenberg form of A, and it is essentially unique. More precisely,
for any interval [a, b], for t ∈ [a, b], and for given Q̄ yielding a Hessenberg form for
A(a), there is a unique function Q in Ck, giving Hessenberg form for A, passing
through Q̄. Furthermore, if the values of t where K(t) has rank (n−1) are isolated,
then the Hessenberg form H is unreduced for all t, except at those points where

K is of rank n − 1, where H takes the form H =
[

H1
bhn

0 hnn

]
, with H1 ∈ R

n−1,n−1

upper Hessenberg and unreduced. In other words, generically, there is an essentially
unique Ck upper Hessenberg form as stated.

Proof. If rank(K(t)) ≥ (n− 1), then the first (n− 1) columns of K(t) are linearly
independent for all t; from their QR-factorization we can select a Ck set of (n− 1)
orthonormal vectors [q1(t), q2(t), . . . , qn−1(t)], for all t, where q1 = v. These vectors
are smooth as soon as we fix the signs of the diagonal of the factor R (the usual
choice is to keep it positive), and they uniquely determine the last vector qn(t) up
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to sign. Thus, we can form a Ck function Q, which is indeed made unique by the
requirement Q(a) = Q̄. The statement about the smoothness of H follows at once
upon recalling that H(t) = QT (t)A(t)Q(t), for all t. The form of H at points where
K has rank (n − 1) is a consequence of the fact that from R = QT K, we must
have R(t) = [±e1,±H(t)e1, . . . ,±Hn−1(t)e1] and the fact that the last diagonal
entry of R is 0. �

2.2. Bidiagonal form

Here we seek a smooth bidiagonalization of the Ck function A. That is, we want
to find U and V , orthogonal, such that, for all t:

UT (t)A(t)V (t) = B(t) , B =

[
a1 b1

a2 b2... ...
an−1 bn−1

an

]
, (2.2)

where the first column of V (t) is given by a fixed unit vector v, and the first
column of U(t) is given by A(t)v/‖A(t)v‖, for all t. Of course, at each given t, we
can always find orthogonal U and V as stated, giving the bidiagonal form B. But,
we want to recover smooth U and V , if smooth ones exist.

We will exploit the relation of the bidiagonalization procedure to the tridi-
agonalization of AT A and AAT . That is, we will consider the two problems: Find
smooth V and U such that

(a) V T (AT A)V = Tv , V e1 = v ,

(b) UT (AAT )U = Tu , Ue1 = Av/ ‖Av‖ ,
(2.3)

where Tv and Tu are tridiagonal. Obviously, if we have B we can get Tv = BT B
and Tu = BBT . The converse requires more work.

To begin with, we have the following result, which is fully general, and which
highlights the importance of unreduced structure.

Lemma 2.5. Let A ∈ R
n×n and let U and V be orthogonal matrices giving tridiago-

nal reductions for AAT and AT A, respectively, with V e1 = v and Ue1 = Av/‖Av‖.
Moreover, let the matrices Tv = V T (AT A)V and Tu = UT (AAT )U be unreduced.
Then, B = UT AV is bidiagonal and unreduced.

Proof. Let Û and V̂ be orthogonal matrices, with V̂ e1 = v and Ûe1 = Av/‖Av‖

such that B̂ = ÛT AV̂ is bidiagonal. Moreover, let us consider the tridiagonal

reductions V̂ T AT AV̂ = T̂v and ÛT AAT Û = T̂u. Since V̂ e1 = V e1, Ûe1 = Ue1, and
both Tv and Tu are unreduced, the Implicit-Q theorem ([6, Theorem 8.3.2]) implies

that T̂v and T̂u are unreduced and V̂ and Û coincide with V and U , respectively,

except at most for the signs of the 2nd, 3rd, ..., n-th columns. Therefore, B̂ is

unreduced; moreover, B coincide with B̂ except at most for signs. In particular,
B is bidiagonal and unreduced. �
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Next, let A be a Ck function. We introduce the Krylov functions:

(a) Kv = [v, (AT A)v, . . . , (AT A)n−1v] ,

(b) Ku = [Av, (AAT )Av, . . . , (AAT )n−1Av]
1

‖Av‖
.

(2.4)

We observe that Ku = AKv/‖Av‖; in particular, if A is full rank, then rank(Kv) =
rank(Ku).

We have the following general result about smoothness of the bidiagonal B,
related to the rank of Kv and Ku (cfr. Theorem 2.1).

Theorem 2.6. Let there exists d, 0 ≤ d ≤ k, such that

lim sup
h→0

1

h2d
det

(
KT

v (t + h)Kv(t + h)
)

> 0 ,

and

lim sup
h→0

1

h2d
det

(
KT

u (t + h)Ku(t + h)
)

> 0 ,

for all t. Then, there exists U, V ∈ Ck−d, orthogonal, such that

UT (t)A(t)V (t) = B(t) ,

and B is upper bidiagonal for all t. Moreover, B is unreduced except at isolated
points where Kv and/or Ku loose rank.

Proof. As in the argument of [2, Theorem 3.1], the assumption on Kv implies
that Kv has full rank, except at most at isolated points, and it has a Ck−d QR
decomposition: Kv(t) = V (t)Rv(t) for all t. Similarly, also Ku has full rank, except
at most at isolated points, and it has a Ck−d QR decomposition: Ku(t) = U(t)Ru(t)
for all t. By virtue of Theorem 2.1, Tv and Tu are thus tridiagonal, and unreduced
except at most at isolated points. Because of Lemma 2.5, we then have that B is
upper bidiagonal and unreduced in these intervals. But then, because of continuity
of B, B must be upper bidiagonal (though not necessarily unreduced) everywhere.

�

So, we can unambiguously write the following expressions for Tv and Tu

(recall the form of B in (2.2)):

Tv =




a2

1
a1b1

a1b1 a2

2
+b2

1
a2b2

a2b2
... ...
... ... an−2bn−2

an−2bn−2 a2

n−1
+b2

n−2
an−1bn−1

an−1bn−1 a2

n
+b2

n−1


 ,

Tu =




a2

1
+b2

1
a2b1

a2b1 a2

2
+b2

2
a3b2

a3b2
... ...
... ... an−1bn−2

an−1bn−2 a2

n−1
+b2

n−1
anbn−1

anbn−1 a2

n


 .

(2.5)
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Now, justifying the assumptions below in a similar way to what we did in
Remark 2.3, we obtain the following analog of Theorem 2.4.

Theorem 2.7. Consider Kv and Ku in (2.4). We have the following cases.

(i) Suppose rank(Kv(t)) ≥ (n − 1) for all t, and the values of t where Kv(t)
has rank (n − 1) are isolated. Assume that A has full rank at these isolated
values. Then, there is a Ck bidiagonal form B, which is unreduced for all t,
except at those points where Kv is of rank (n − 1), where B takes the form
B =

[
B1 0
0 an

]
, with B1 ∈ R

n−1,n−1 upper bidiagonal and unreduced, that is
bn−1 = 0 in (2.2).

(ii) Suppose now that rank(Kv(t)) = (n − 1) at some isolated values of t, but
that at these values of t we also have rank(A(t)) = (n − 1). Then, at these
values of t, we have rank(Ku(t)) = (n − 1) if and only if the form of B in
(2.2) is B =

[
B1 0
0 0

]
, with B1 ∈ R

n−1,n−1 upper bidiagonal and unreduced,

that is an = bn−1 = 0 in B. In this case, again there is a Ck bidiagonal form
B, which is unreduced for all t, except at those points where Kv is of rank
(n − 1), and is essentially unique.

(iii) Finally, if rank(Kv(t)) = (n−1) at some isolated values of t, and at these t we
have either (a) rank(A(t)) = (n− 1) and a2

n + b2
n−1 6= 0, or (b) rank(A(t)) =

(n − 2), then the function U is not uniquely determined at these points. In
these cases, B will look like

(a) B =

[ a1 b1... ...
an−2 bn−2

0 bn−1

an

]
, or (b) B =

[
a1 b1... ...

an−2 bn−2

0 0
0

]
.

Proof. To show (i), we observe that, in intervals where Kv is full rank, we must
have rank(A) ≥ (n−1), and hence rank(Ku) ≥ (n−1) as well. So, in all cases we can
select a Ck orthogonal V from the QR factorization of Kv. Moreover, also the first
(n− 1) columns of Ku are linearly independent and thus the first (n− 1) columns
of U can again be chosen smooth, and the last column of U is then determined
up to sign. Thus, U can also be chosen Ck. Now, consider the isolated values of t
where rank(Kv(t)) = n− 1, but rank(A(t)) = n, so that rank(Ku(t)) = (n− 1) as
well. Since Tv and Tu must be unreduced, and the first (n− 1) columns of Kv and
Ku are linearly independent, from the forms (2.5), we must have

an−1bn−1 = 0 , anbn−1 = 0 .

Since A is invertible, this implies bn−1 = 0, which gives the stated form of B.

Next, we show (ii). First of all, we remark that certainly (n−2) ≤ rank(Ku) ≤
(n − 1) (this is simply because ‖Av‖Ku = AKv). Now, let V give the QR factor-
ization of Kv : V T Kv = [ R b

0 0 ] with R ∈ R
n−1,n−1 invertible. Then, V T AT AV =[

T11 0
0 tnn

]
, with T11 tridiagonal, invertible and unreduced. We now show that

rank(Ku) = (n − 1) if and only if tnn = 0. First, assume rank(Ku) = (n − 1).
But then there exist (smooth) U (from the QR factorization of Ku) and B, and
thus from the structure of Tv = BT B and Tu = BBT , both necessarily reduced in
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the last co-diagonal element, we must have

anbn−1 = an−1bn−1 = 0 , and an−1bn−2 6= 0 .

It follows that bn−1 = 0, and aj 6= 0, for j = 1, . . . , n − 1. But since A has rank
(n − 1), then we must have an = 0. Since tnn = a2

n + b2
n−1, then tnn = 0. Next,

suppose tnn = 0. Observe that

‖Av‖AT Ku = AT AKv = AT AV [ R b
0 0 ] ,

and also that null(Ku) ⊆ null(AT Ku). But since V T AT Ku =
[

T11R T11b
0 0

]
, then

the null space of AT Ku is 1-dimensional, and therefore the same is true for the
dimension of the null space of Ku.

To show (iii) is an algebraic verification. In particular, in both cases (a) and
(b) we must have aj 6= 0, bj 6= 0, j = 1, . . . , n − 2. In case (a), since tnn 6= 0, we
also have an, bn−1 6= 0. In case (b), since rank(Ku) = (n− 2), but T11 is invertible
and unreduced, we must thus have an−1 = bn−1 = an = 0. �

3. Procrustes problems

Here we collect some simple considerations on solving minimization problems of
Procrustes type, which form the basis for the practical selection of an appropriate
smooth path in case such path is not uniquely determined by purely algebraic
considerations (e.g., see point (iii) of Theorem 2.7). A related construction was
adopted by Rheinboldt in [11].

The typical problem is the following. Suppose we have a smooth orthonormal
function Q : R → R

n×p. For a given t, let Qc be an orthonormal matrix such that
its columns span the same subspace as that spanned by the columns of Q(t). The
goal is to bring Qc into Q(t) by an orthogonal transformation. There is a trivial
way to do this if Q(t) is known, since two orthonormal basis matrices of a given
subspace are right equivalent by a unique orthogonal transformation Z: in fact, in
our case Z = QT

c Q(t).
Of course, in a practical situation, we do not know the exact Q(t), so the

above argument is of no immediate application. Still, it is possible to get around
lack of knowledge of the exact Q(t) in many situations of practical interest.

The simplest case occurs when one knows that Qc equals Q(t) except possibly
for the signs of the columns. For example, this will happen when computing a
smooth bidiagonalization and t is a point where the bidiagonal form is unreduced,

or more generally rank(Kv) and rank(Ku) are ≥ (n−1). So, say we have Q̂ ≈ Q(t);

in particular Q̂ can be assumed to be sufficiently accurate so that the signs of its
columns are the same as those of Q(t). By same signs of the columns, we mean

that (Q̂ei)
T (Qei) > 0, where ei are the standard unit vectors, for all i = 1, . . . , n.

Therefore, it will be sufficient to adjust the signs of the columns of Qc conformally

to Q̂, which is easy to do. This way, we will be bringing Qc exactly into Q(t).
It is a more challenging case when Qc differs from Q(t) by more than just

signs of the columns. E.g., this situation arises when we have rank(Ku) = n−2 (as
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when rank(A) = n−2). In this case, we do not have an exact way to bring Qc into

the unknown Q(t), though we still have an approximation Q̂ to Q(t), in principle

with ‖Q̂ − Q(t)‖ arbitrarily small (see Example 3.1 below). In our experiments,
we have proceeded as follows. Notice that we can (and do) use the process below

without forcing Q̂ to be orthogonal.

• First, let Z = QT
c Q̂. Then, replace Z by its closest orthogonal matrix, that

is by its orthogonal polar factor. This means that if UrSrV
T
r is the SVD of

Z, then we use Z = UrV
T
r to correct Qc and approximate Q(t) by QcZ.

We observe that the matrix Z obtained this way is the solution of the constrained
minimization problem (orthogonal Procrustes problem):

Find Z ∈ R
p×p, ZT Z = I : ‖QcZ − Q̂‖F is minimized .

Of course, the accuracy of the above minimization process will depend on how

accurately we can provide Q̂. We report on an experiment below.

Example 3.1. We take A(t) = U(t)B(t)V T (t), t ∈ [0, 1], where:

U = eS , S = −ST , Sij =
(−1)i+j

j + 1
(t − 2)(t + 2)j−1 , j = 1 : 5, i = 1 : j − 1,

V =
[

1 0
0 eC

]
, C = −CT , Cij =

(−1)i+j

j + 1
(t − 2)(t + 1)j−1,

j = 1 : 4, i = 1 : j − 1,

and B =




1 et 0 0 0
0 2+cos t 1 0 0
0 0 1 2 0
0 0 0 sin(t−bt) (t−bt)3

0 0 0 0 t−bt


 , t̂ = 0.5.

We compute the smooth factors U(t), V (t) and B(t) for t ∈ [0, 1] starting from
the exact matrices U(0), V (0), B(0). The bidiagonal form is constructed at the
points tk = k × h,k = 1, 2, . . . for a given h. At each tk we compute by standard
algorithms a bidiagonalization UT

c A(tk)Vc = Bc such that Vce1 = V (0)e1 and

Uce1 = A(tk)Vce1/‖A(tk)Vce1‖. For tk 6= t̂, B(tk) (and then Bc) is unreduced and
we only need to adjust the signs of the columns of Uc and Vc to recover smoothness.

This is attained by using Û = U(tk−1) and V̂ = V (tk−1), whose columns have the

correct signs for sufficiently small h. At the point tk = t̂, the bidiagonal form B(t̂) is
reduced, and we are in the case (iii)-(b) of Theorem 2.7, so that Uc is not uniquely

determined and we use the procedure described above to rebuild U(t̂). In this

case, we use Û = P (tk), where P (t) is a matrix valued polynomial interpolating
past values of U(t). In the table below we report on our experiments. We vary
the discretization stepsize h and the degree of the interpolant used to construct

Û at t̂: line, parabola, or cubic, which interpolates U(t) at the (two, three, or

four) grid-points before t̂. These are just plain polynomial interpolants, so that Û
is not exactly orthogonal (though it is obviously close to being orthogonal with
defect from orthogonality of the same order as the interpolation error). Under the
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headings line, parabola, cubic, we report the 2-norm of the errors in U at the
point t̂. Under the heading Err we report the worse errors at all other grid points.

h line parabola cubic Err

0.01 9.8E− 6 1.1E− 6 4.7E− 8 6.9E− 14

0.001 1.0E− 7 1.1E− 9 4.9E− 12 3.5E− 13

0.0001 1.0E− 9 2.9E− 12 4.9E− 12 5.0E− 12
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