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Abstract

In this work we consider implementation and testing of an algorithm for continuation of invariant
subspaces.

1 Introduction.

In [5], we presented and analyzed a new algorithm for continuation of invariant subspaces of a parameter
dependent matrix A, in the context of continuation of connecting orbits. In such context, the algorithm
revealed to be both robust and efficient. Thus, we decided to carry further the study and implementation
of this technique on its own right. The purpose of the present paper is to report on the results of this study.
First we review the basic problem and describe the algorithm, then address specific implementation issues
and present results of numerical experiments for several functions A.

The problem.
The basic problem is the one of computing a smooth orthogonal similarity transformation to block
triangular form of a matrix valued real function. We have the following setup.

(i) Given a smooth (C*, k > 1) matrix valued function A : t € [0,1] — R™ ™ write this as A €
Ck([0,1], R™*™). Assume that A(A) (the set of eigenvalues of A) admits the splitting A(A) = A; U Ay
with Ay N Ay =0, Vt.

(ii) Let orthogonal Qg be such that

QT A(0)Qo =: Ro = <ng(0) g;;ggg) . Rin(0) € R™™, Ryy(0) € R x(n=m)

and A(Rll(O)) = Al(O), A(RQQ(O)) = AQ(O), .

(iii) For all t € [0, 1], want a C* orthogonal Q(t),

Q@ a0Qw = ko = (M40 RO Ry e R R € R0,

such that Q(0) = Qo, R(0) = Ry, and the eigenvalues of the block upper triangular matrix R satisfy
A(R11) = Ay and A(Ra2) = Ag, Vit. (Notice: no assumptions are made on R;; being triangular).

The CIS (Continuation Invariant Subspace) algorithm generates a sequence of points (¢;, Qi)|,—o x, {0 =
to <ty <...<tn_1 <ty =1}, where N is determined adaptively, on the curve (¢, Q(¢)).

The problem of computing a smooth path of orthogonal matrix factorizations has a long history. The
prototype of many works on the subject has been a paper of Rheinboldt, [14]. He was concerned with
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a smooth QR factorization of A, and exploited the idea of “least variation” with respect to a reference
factorization in order to enforce smoothness. The same idea was then used by Bunse-Gerstner et al. in [3]
in the context of analytic SVD. In essence, the idea is the following: given a factorization for A(0), and
given a stepsize h, compute some factorization of A(h), and then modify this factorization by minimizing
the distance of the factors relative to A(h) from those of A(0); solving the minimization problem requires
solving an orthogonal Procrustes problem. The advantage of these techniques is that one ends up with an
exact factorization for A(h), but the disadvantage is that there is no clear way on how to choose h. To
compensate for this fact, already in [3], and more extensively in work by Wright, [16], and Mehrmann &
Rath, [13], people begun looking at the underlying differential equations governing the evolution of the SVD
factors, and numerically integrated these factors in order to compute the path. The obvious advantage of
these latter approaches is that the step-size h (and hence where to compute the factorizations) is chosen
adaptively, based upon the variation of the factors themselves. The disadvantage is that one no longer has
an exact factorization as the integration proceeds. Some comparisons of the relative merits of the “least
variation” vs. “differential equations” approach are in [13].

Our method tries to unify the best features of both approaches above. In the context of smooth block
Schur factorization, we will use the underlying differential equations in order to obtain initial approximations
of the exact factors; a Newton iteration will then be used to refine these approximations. Convergence
behavior of the Newton iterates will be used to adaptively choose the stepsizes. This way, computation of
the @;’s will be the determining factor in adaptively choosing the points ;.

The problem of computing invariant subspaces of parameter dependent matrix value functions arises
quite frequently in applications. Our own interest stems from applications in dynamical systems. In one
such case, continuation of invariant subspaces is a key step in techniques to compute connecting orbits,
and thus it ultimately impacts our understanding of complicated dynamics (see [5]); in another case, an
adaptation of the CIS algorithm to an improved detection of bifurcations is considered (see [9]). However,
the basic computational task is much more pervasive, and one may legitimately argue that computation
and continuation of invariant subspaces lie at the very essence of eigenvalue computation for a parameter
dependent matrix valued function.

The following theorem justifies the existence of a C* orthogonal function Q(t) , t € [0, 1], achieving the
block triangularization of A of which in (iii) above. This result is well known, and can be traced back to the
work of Beyn, [2]. But, to understand how our algorithm works, we find it convenient to give the result in
the flavor of [6]. Hereafter, a “dot” refers to differentiation with respect to t.

Theorem 1 Let A € C*([0,1],R™"), k > 1, and orthogonal Qo be given satisfying (i)-(ii) above. Then,
there exist R and Q, both in C*([0,1], R"*™), Q orthogonal, satisfying (iii). The matriz Q can be written
as Q(t) = Q(T)U(t, 1), for any t: 0 <t <1, and fized 7: T <t, with Q(0) = Qo and U(r,7) = I. Further,
R, U € C*([0,1], R™*") satisfy the differential system

R = UT(t,7) [QT(N)AMQ(T)] U(t,7) + R H(t) — H(DR(t), (1)
Ut,r) = U(t,n)H(U,1), (2)

where for all t (with obvious block notation)
H= (—Iil{ifg g;z> ., Hiz: RypHy — HhRy = {UT(,n)[QT(T)A()Q(MU(,7)}ar - (3)

The matrices Hi1 and Has must be skew-symmetric and C*k=1, but are otherwise arbitrary.

Proof. We want QT (¢)A(t)Q(t) = R(t), QT (t)Q(t) = I, and R block triangular, for all t. To achieve this,
we derive differential equations for @ and R by differentiating Q7 (t)A(t)Q(t) = R(t) and QT (1)Q(t) = I.
By formally letting H = Q7' Q, we have

RA = QTAQ+RH-HR
Q = QH.
Now, partition H as above, and notice that since R must be block upper triangular, we then must have

0= (QTAQ)21 — RooHly + HL Ryy



which is uniquely solvable for His since Rj; and Rge do not have common eigenvalues. Finally, we can fix
Hy1 and Hay skew-symmetric and sufficiently smooth (but otherwise arbitrarily). So doing, we obtain H
which is Lipschitz in @ and continuous in ¢. Thus, the above coupled system of differential equations is
uniquely solvable for @ and R as desired. Finally, the rewriting Q(t) = Q(7)U (¢, 7) is immediate. W

Clearly, the matrices @ and R are not unique (the H;;’s are skew symmetric, but otherwise arbitrary).
This freedoom can be used in a number of different ways. We will use it to impose a particular structure
for @ in the same way as Stewart in [15] and Demmel in [4] did to refine computed invariant subspaces; this
way, the CIS algorithm can be viewed as a continuous analog of these standard linear algebra techniques. In
the next section, we outline the complete process and discuss implementation aspects.

2 The CIS algorithm.
e Given Qo, Q¥ Qo = I, such that

QFA0)Q = () = | 5@ 400 as(0) =0 ()

where Al(O) = A(Rll(())), AQ(O) = A(RQQ(O)), and A(A(O)) = A(Rll(O)) U A(RQQ(O)) is the set of
eigenvalues of A(0).

e Given h, 0 < h < 1 (see below how we choose h), we want to find Q, QT Q = I, which puts A(h) in
the block triangular form:

QAMQ = Ry = | TR ) () = 0 (5)

where Aj(h) =: A(R11(h)), A2(h) =: A(R22(h)), and the blocks Ry1(h) and Raz(h) are the values at h
of Ry1(t) and Raa(t), respectively.

To take advantage of knowing Qg in order to determine ), upon making use of Theorem 1, we look for
Q@ in the form

Q= QuU(h,0) . (6)

The issue is how to obtain U (h, 0), which —for short— we will just call U. Partition U =: [U; Us] according
to the dimensions of the blocks in (4). Now, assume that h is sufficiently small, so that if Uy is partitioned

as Uy =: [ g; } then Uj; is invertible. Thus

Uy = [ IY ]Uu, where Y :=UnUy'. (7)

Since U Uy = I, we must have
UL (I+Y™'Y)YUy =1, or UnUf,=I+YTY)™ !, (8)

In other words, U;; must be a “square root” of the matrix (I + YTY)~1. We will want to find Y so that
U; spans the invariant subspace relative to Aq(h). To find Y, we further restrict consideration to a special
solution Uy; of (8). Recall that we expect, for h small, to have Uy; close to the identity. The following
lemma is known in a number of equivalent formulations.

Lemma 2 Let B € R™*™ be a positive definite matriz. Then, the minimization problem
min ||I — BQ||r, subject to Q € R™*™ : QTQ =1,

has the unique solution Q = I. Here, || - || is the Frobenius norm (|| B||% = Do BY).



Proof. This is a version of the orthogonal Procrustes problem (see [11, p. 582]). Let orthogonal U be
such that UT BU = A, where A is the diagonal matrix of (positive) eigenvalues of B, and let Z = UQU™.
We want to minimize the trace of (I — AZ)T (I — AZ), or —which is the same— to maximize the trace of AZ.
But the latter is simply Z?:l Aizii, and since Z is orthogonal, the maximum is attained for z; = 1, that is
Q=1 1

The next lemma links our approach and the “least variation idea”.

Lemma 3 In the Frobenius norm, the closest solution to the identity of (8) is the unique positive definite
square root of (I +YTY)~1:
Uy = I+YTy)~1/2, (9)

Proof. The result follows from Lemma 2 upon realizing that any solution of (8) is of the form Uy = Uy C
with CTC = I and Uy given in (9). W

In a similar way to the above, and making use of the orthogonality requirement U U = I, one eventually
gets the following form for U:

U= [< YI > (I+YTy)=1/2, < _}/T >(I+YYT)1/2] : (10)

The matrix Y € R(®=™)*™ must be found by requiring that U7 (QE A(h)Qo)U has the form specified in (5).
Thus, if we let

QTA h Q = ~ R 11
sAmQ = | 7 (1)
then Y must solve the algebraic Riccati equation

F(Y)=0, F(Y):=RpnY —YRy + FEs — YRY . (12)

Remark. As we said, the representation for U as in (10) was first used in [15], and later in [4]. But, as
far as we know, the justification for the form (10) as an exact solution of the differential equation (2), via
Lemma 2 and 3, is original. In fact, our contribution to continuation of invariant subspaces is to have tied
together the representation (10) with Theorem 1. By so doing, we will be able to let continuation of the
factors U influence choice of the stepsize h. Moreover, we will be able to provide second order initial guesses
for solving (12), at essentially no added expense with respect to existing approaches. Use of this Euler (or
tangent) predictor will bring the computational task of continuation of invariant subspaces on equal turf
with standard continuation techniques (e.g., see [12] or [7]).

Once the structure (10) for U has been fixed, one has to solve the Riccati equation (12). There are a host
of possibilities for solving (12), but in the present context we expect Y to be reasonably small, for small h,
and hence we can focus on the following two techniques.

For Yy given, and for k = 1,2, ..., Kjax, consider

e Simple iteration

EQQA]C — Akﬁll = —F(kal), Yk = Ak + kal, or (13)
e Newton iteration

(Rag — Yi 1 R12)Ak — Ap(Riy 4+ Ri2Vi 1) = —F (Y1), Vi = Ap+ Yi 1. (14)

Both iterations (13) and (14) have been extensively used before; e.g., see [15] and [4]. In these works, the
rationale that Y ought to be small for small h, reflected in the choice Yy = 0 as initial guess for the above
iterations. In the continuation literature, this is the so-called trivial predictor. It is usually not a satisfactory
choice, and in continuation works people have routinely adopted the so-called tangent or Fuler predictor to
provide the initial guess for the iterative process (the so-called corrector); see [1]. In [5], we showed how to
derive such tangent predictor at minimal extra cost. To do this, it is mandatory to exploit the connection
between the differential equations of Theorem 1 and the Riccati equation (12). We summarize the relevant
facts in a lemma.



Lemma 4 In the block form of H in (8), let Hi1 and Hao be any two sufficiently smooth skew-symmetric
matrices, while Hyo is determined as in (3). Let U = [Uy Ua] be the solution at h of (2), i.e., U = U(h,0),
and let Y be the solution of (12). Then, we have

Y = UnU;', where Uy = <U”) . (15)
Us1

Moreover, the solution Y of (12) is unaffected by the choice made for H11 and Has.

Proof. The only part we need to justify is that it does not matter how we select Hi; and Hao. But this
is a consequence of the fact that the possible solutions U; are of the type Uy = U1C, where C is orthogonal
and U; is what one obtains with a fixed choice of Hy; and Has; for example, setting them both to 0. W

Va
on (2) with Hy; and Hag both 0 (of appropriate dimensions). Then, we obtain an initial guess for the solution
of (12) by letting Yy = Va1 V;;'. That is:

() () (o) o o

Since HL,(0) solves (see (3))

Roz(0)H{5(0) — HL(0)R11(0) = (QF A(0)Qo),,

Now we let V; = (Vll ) be the approximation to U; obtained by taking a step of Forward Euler method

we replace A(0) by the difference quotient

1

. A(h) — A0 .
A~ 2220 (Qra)Q),, & 1B,
and eventually solve
YO . RQQ(O)}/O - Y()Rll(()) = —E21 . (16)

This value of Y} is a second order approximation to Y, and can be used as initial guess for solving (12).
We are ready to summarize the CIS algorithm.

Step 0. Initialization. Compute Qg in (4), and also select stepsize h < 1.

- The very first time, we will have ¢y = 0, and A(0) may well be in real Schur form. Also, in our
experiment we took h = 1073, since the adaptive criterion quickly adjusts h.

Step 1. Solving the Riccati equation (12).

1. Compute the coefficients }A%QQ, }A%u, E5q, and ]§12 in (12) using equation (11).

2. Prediction. Let Y; be the initial guess. Comparisons will be made by choosing the following
options for Yy (see (16))

Yy = {O , trivial guess ;

R22(0)Yy — YoR11(0) = —FE9; , Euler guess . (17)

- Using the Euler guess requires solving a Sylvester equation to get Y.
3. Corrector. For k =1,2,..., K.« to find Y use
(a) Simple iteration (13), or
(b) Newton iteration (14).
- With either methods we need to solve Sylvester equations at each step.

- In our experiments, we used Ky ax = 7.



4. Stopping criterion. If
[ Yit1 =Yl

L [[Yegall —

is satisfied, set Y := Y;,1. In the examples below, unless otherwise noted, we used ¢ = 1078 ~
v EPS, where EPS is the machine precision.

(18)

Step 2. Update Q. Compute U(h) in (10), and hence @ in (6).
Step 3. Step size control. Update (restrict/enlarge) stepsize h. We used (see [12, p. 138])
hoi=2W=R/3 p
where k is the number of iterations performed. Update tg := tgo + h, Qo := @, and go to Step 1.

- Upon updating h, we ensure that we remain within the specified interval. Also, we require that
h > hmin; in the examples, unless otherwise noted, we used h > hmin = 1078, If the predicted
value of h falls below hpin, then we stop.

Remarks.

- Some of the criteria above, such as those on stepsize control, are based on experience gained during
the years on problems of continuation type; e.g., see the choices adopted in the code AUTO ([7]).

- We included comparisons with the linearly convergent iteration (13) for completeness. But, in contin-
uation techniques, the standard choice is Newton’s method.

- We need to repeatedly solve Sylvester equations. For example, this is needed to get Yy in (16), as
well as at each iterate of (13) or (14). Clearly, when using the iteration (13) —and unlike the case of
Newton’s method— one needs only one Schur factorization of the blocks in the Sylvester equation at
each step. We solved the Sylvester equation in the textbook way (see [11]):

AX+XB=C

is transformed to a logically triangular system via Schur reduction of A and B and the logically
triangular system is then solved. We opted for this strategy, rather than the less expensive one of [10],
because for the application we have in mind we eventually need the eigenvalues of the triangularized
system (e.g., for monitoring bifurcations). Notice that if one uses Newton’s method and the initial
guess (16), then to get Yy from the latter does not require Schur factorization of the matrices arising
in the Sylvester equation, since these are the same we have already triangularized at convergence of
the previous step.

- The finite precision behavior of most components of our algorithm is quite standard: Schur reduc-
tion, solution of Sylvester equation, etc., have all been extensively analyzed (e.g., see [11]). The one
component which is not routinely analyzed is the computation of the matrices (I +YTY)~1/2 and
(I +YYT)=%/2in (10). The subtlety here is that, even when Y is fully accurate, a naive implementa-
tion which explicitely forms Y7Y may introduce numerical instability and unneeded loss of precision,
particularly when Y has entries of widely different order of magnitude. To avoid this from happening,
we have adopted the following algorithm: (i) form the SVD of Y: Y = UDVT, from which we get
(I+YTY)" Y2 =V(I+DTD)"'2VT and (I +YYT)"'/2 = U(I + DDT)~Y/2UT; (ii) to reduce can-
cellation when finding (I + DT D)~1/2, we first compute in the obvious way the quantity z = v/1 + d2
and then refine these values with a Newton step on the system

yz=1, z—y=2d, where y=ax—-d,z=x+d.

We compared this algorithm to the “obvious” one: (a) form (I +Y7Y), find its Schur decomposition,
and compute the square root, and (b) similarly for (I + YY7)/2. On the limited comparison pool
provided by the examples of the next section, our prefereed algorithm (i)-(ii) was superior in efficiency
and reliability to the “obvious” one (a)-(b).



3 Numerical Experiments.

All computations below are done with a Fortran77 program (see [8]) for the continuation of invariant
subspaces of a parameter dependent matrix A.

e In our experiments, we want to look at the following features:

(1) convergence behavior on “easy problems”: these are the ones with well separated blocks and
slowly varying eigenvalues and subspaces;

(2) number of rejections as a function of different initial guesses on “harder problem”: weakly sepa-
rated blocks and/or rapidly varying eigenvalues or subspaces;

(3) how we approach bifurcation points: blocks coalesce.

e We build our example by giving a block triangular matrix R(t), and then transforming it with an
orthogonal matrix V() to obtain A(t) = VT (t)R(t)V (t).

- Construction of the orthogonal matriz V (t). We specify the orthogonal V as V(t) = ¢5*) where
S is a skew-symmetric function. We have taken S(t) to have upper triangular entries given by
Sii(t) = (_1)i+.jutj—i 1<i<j<n
1, ] + 1 bl - —_ .
This requires computation of the matrix exponential, which we have done using diagonal Padé
approximation along with scaling and squaring, as outlined in [11, Section 11.3].

- Construction of the block triangular matriz R(t). This construction is based on one in [10]. Take

R(t) = ( é) ?B ), where D € R™*™ B € RP*P and C € R™*P, We let

D = f(t)[diag(1,2,....m) + Ly, B = g(t)[diag(p,p—1,...,1) + L] +a'I,],

and C = DX+ X B, where X € R™*P is made up by all 1’s. The invariant subspace decomposition
we are after is the one with the dimensions m and p and eigenvalues blocked as in R. In the above,
the scalar functions f(t) and g(t) are arbitrary, and the matrix Ly is the k X k lower triangular
matrix made up by all 1’s.

Example 1 Moderately fast rotating subspaces, rapidly increasing entries and eigenvalues from a modest
size in the range [—2, 4] to the range [—124, 4]. Here f(t) =g(t)=1,n=8, m=4, a=5,1<t < 3.

number of continuation steps | number of iterations | time

(13), Euler guess for Yj 1,401 5,603 86.7

(14), trivial guess for Yy 8,217 46,942 670

(14), Euler guess for Yy 736 2,926 51.0
Here simple iteration with the trivial initial guess Yy = 0 is extremely slow.

Example 2 Slowly rotating subspaces, modest size eigenvalues in the range [—2, 4], slowly varying. Here
fW)y=9gt)=1,n=8, m=4, a =>5;t decreases from 1 until the subspaces coalesce at t ~ 0.68261, reaching
the double eigenvalue 1.

number of continuation steps | number of iterations | time
(13), trivial guess for Y 22 80 1.75
(13), Euler guess for Yp 21 78 1.91
(14), trivial guess for Yp 15 43 1.06
(14), Euler guess for Yj 15 35 1.38




Example 3 Fast rotating subspaces, modest size eigenvalues, in the range [—2, 4], slowly changing. Here
Jf)=gt)=1,n=8 m=4, a=5; /" is replaced by (t + 3)7=" in the definition of S;j(t) to make the
subspaces rotate fast, as t decreases from 1 until the subspaces coalesce at t =~ 0.68261, reaching the double
etgenvalue 1.

number of continuation steps | number of iterations | time
(13), Euler guess for Yj 26,033 139,134 1,840
(14), trivial guess for Yy 2,178 9,795 113
(14), Euler guess for Yp 657 3,239 40.6

Note that in the first case the continuation breaks when the coalescing eigenvalues are 1 and 0.9999317,
while in the third case it breaks when they are 1 and 0.9999999, while sep = 1.4 x 10~°. For the meaning of
sep and its role in the convergence behavior of (13) and (14), we refer to [5, (14)-(25)].

Example 4 Rapidly increasing matriz entries and eigenvalues, with the approzimate range [—295, 4]. Here
€=hmin=10"7, f(t) =g(t) =1, n =64, m =4, a =61, 1.3 <t < 1.303.

number of continuation steps | number of iterations | time
(14), trivial guess for Yp 642 3,205 7,146
(14), Euler guess for Yp 4 14 63.3
Here, the simple iteration is extremely slow.

Example 5 Rapidly increasing matriz entries and the condition number increasing from 4 to 10%. Here
Panin = 1075, f() =107, g(t) =10, n =8, m =4, a =5, 1 <t < 3.

number of continuation steps | number of iterations | time
(14), trivial guess for Yy 8,278 47,294 593
(14), Euler guess for Yy 635 2,887 39.2
Here, the simple iteration is extremely slow.

4 Conclusions.

1. Newton iteration with either the trivial or Euler initial guesses for Y, always takes smaller number of
continuation steps, total number of iterations and time than simple iteration with the trivial/Euler
initial guesses for Yj.

2. Newton iteration with Euler initial guess for Y; always takes smaller number of continuation steps and
total number of iterations than with the trivial initial guess for Yj.

3. When the matrix entries (eigenvalues) do not grow fast and the subspaces are not rotated fast Newton
iteration with trivial initial guess for Yy is comparable or even takes slightly less time than Newton
iteration with Euler initial guess.

4. Newton iteration with Euler initial guess for Yj takes considerably (about 3 times when the matrix is
small and over 100 times when the matrix is of moderate size) fewer continuation steps, total number
of iterations, and shorter time, when the matrix entries (eigenvalues) grow fast and/or the subspaces
are rotated fast; and about 10 times less in the case of an ill conditioned matrix.

5. Approaching a bifurcation point by itself does not seem to be a critical factor (see Example 2).
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