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Abstract

In this work we consider continuation of block eigendecompositions of a matrix
valued function. We give new theoretical results on reduction to Hessenberg and
bidiagonal forms, introduce and implement algorithms to continue eigendecomposi-
tions, and give numerical examples.
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1 Introduction

Consider the following problem:

(P) Given a matrix valued function A € C*([0, 1], R™ "), k > 1, with p groups
of eigenvalues, Ay(t), ..., A,(t), which are disjoint for all ¢ € [0, 1]. Here,
p is a fixed integer between 1 and n, each A; is a set of n; eigenvalues
with n; constant, n; +--- 4+ n, = n, and complex conjugate eigenvalues
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are grouped together. We want to smoothly transform A to real block
triangular or (bi)diagonal form so that the eigenvalues of the diagonal
blocks are given by the A;, i =1,...,p.

Clearly, for each given ¢, A(t) may be transformed to block diagonal structure
with diagonal blocks associated to disjoint groups of eigenvalues. This kind of
“static” block diagonalization is simple to perform with existing software, say
using the methods available in Lapack and Matlab, by first taking an ordered
Schur decomposition clustering together close eigenvalues, and then zeroing
the off diagonal blocks by solving Sylvester equations; see [3,13,14]. However,
in general, if we take two different, but arbitrarily close, values of ¢, say t; and
to, and perform block-diagonalizations of A(t;) and A(ty) using these static
algorithms, then the associated transformations can be far from one another,
betraying that the overall process is not “smooth”.

Example 1.1 Consider the function (adapted from [2]) A : ¢ — A(t) =

[ t 1072

104 4t } . Clearly, A is smooth (in fact, analytic), with distinct smooth eigen-

values for all £, given by AL = 2+ \/ (2 —1t)2 + 1076, and a basis of eigenvectors

can also be chosen smooth. Using either of the commands elg or schur of
Matlab (versions 5 and 6) on 101 eq- S

uispaced values of A(t) fort € [1.5,2.5] ]
(further refining the computation around
the value t = 2 produces no notice-

able difference), and plotting the eigen- |
values in the order in which they are
returned by Matlab, gives the fig-
ure on the right (Matlab returns first :
the eigenvalue labeled “0”). Natu- . )
rally, one may suspect that the I I
eigenvalues have crossed each other, whereas obviously they have not.

5
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The following well known Theorem tells us that under the conditions in (P)
there is a smooth block eigendecomposition. For a proof, see [8, Proposi-
tion 2.6, Remark 2.6]. For analytical aspects of the general topic of smooth
decompositions, we refer to [5,8,11,15].

Theorem 1.1 (Block Eigendecompositions) Let A € C*([0, 1], R™*"), k >
1, satisfy the conditions in (P). Then, there exists a C* orthogonal function

Q such that, for all t, the matriz R(t) = QT (t)A(t)Q(t) has the structure
R11 Ri2 ... Rin

[ 0 R22 o Rzn] where Rm(t) € Rnixni, Ri,j (t) € Rnixnj, and O'(R“(t)) = Al(t),
0 .. 0 Ry

1=1,...,p, j =1+ 1,...,p— 1. Further, the function R can be smoothly

brought to block-diagonal form.



The problem of computing a smooth factorization of a matrix valued function
has recently received a good deal of attention. There are several reasons for
the interest in this topic. The standard one is that quite often we need to find
decompositions of nearby matrices, and for the sake of efficiency we would
like to exploit some of the work already done; e.g., see [6]. But another reason
is that we often need to use the smooth factors in order to find changes of
variables, or build smooth coordinate systems, or build smooth projections,
or follow selected groups of eigenvalues, all issues of common occurrence in
numerical studies of dynamical systems; e.g., see [4,7,10,18].

The first general methods for smoothly continuing matrix decompositions ex-
ploited the idea of “least variation” with respect to a reference factor in order
to enforce smoothness; see [18,4,5]. Later approaches (see [17,19]) attempted
direct integration of underlying differential equations in order to find the
smooth path of factorizations; the key advantage, now, being that the val-
ues of t where the factorizations are computed can be chosen adaptively, but
the disadvantage being that the factors are no longer exact. In [9], the authors
used a combination of these previous ideas to compute a smooth block Schur
form in two distinct groups of eigenvalues, by an algorithm which adaptively
chooses the values of t where the decompositions are found while still obtaining
exact factors.

The algorithms we propose in this paper to smoothly continue block eigende-
compositions of A, for ¢t € [0, 1], are most closely related to the approach in [9].
We will make two new algorithmic contributions: (i) First, we will extend the
approach of [9] to compute smooth block Schur factorizations in case of more
than two blocks of eigenvalues; (ii) Second, we will propose a new method to
smoothly (block) bidiagonalize A by exploiting prior reduction of A to lower
Hessenberg form. To justify the latter technique, we will give new theoreti-
cal results on smooth reduction to Hessenberg form. This will be done in the
next section. In Section 3 we introduce and examine our algorithms, and in
Section 4 we exemplify performance of our algorithms on some test cases.

2 Hessenberg forms

As it will become clear in the next section, to compute a Schur form based upon
Theorem 1.1 is a potentially expensive process, which becomes greatly sim-
plified if the function A gets a priori transformed in a form more amenable to
efficient computations. An appropriate form is lower Hessenberg structure?.
Therefore, we now give some results on smoothness of orthogonal decom-

2 In the standard linear algebra context, it is upper Hessenberg structure which is
invoked in order to simplify the computations leading to a Schur decomposition



positions to Hessenberg form, and further on decompositions to bidiagonal
structure from a Hessenberg form. Besides our own algorithmic motivation for
deriving these results, they are of independent interest.

Although we consider lower Hessenberg structure, obviously the results below
have an immediate counterpart for upper Hessenberg structure. Finally, recall
that a matrix H is in lower Hessenberg form if H; ; =0, i =1,...,n—2, j =
i+2,...,n,and it is called unreduced (or proper) if H; ;41 # 0,9 =1,...,n—1.

First consider transformation to unreduced Hessenberg structure.

Theorem 2.1 Let A € C*([0,1],R™™), k > 1. Let q; € R" be a fived orthogo-
nal vector (qF'qy = 1). Suppose that for each givent € [0,1] A(t) can be brought
into unreduced lower Hessenberg form by a similarity transformation with an
orthogonal matrixz having qi as its first column. Then, there exists a function
Q: tel0,1] — Q1) = [q1Q2t)], such that QT (t)A(t)Q(t) is unreduced
lower Hessenberg and Q € C*.

Proof For notational convenience, let B(t) = AT (t), for all t. First, we remark
(see [13, Theorem 7.4.3]) that the assumptions imply that the following matrix
valued function has full rank for all ¢:

K(t) = |g Bty B .. B (| - (2.1)

On the other hand, it is known (e.g., see [8]) that a full rank C* function (for
us, K above) admits a C¥ QR factorization with ) orthogonal and R upper
triangular and invertible; e.g., we can choose the unique @ so that diag(R) is
positive. Thus, we have K (t) = Q(t)R(t) and necessarily Q(t) = [q1 Q2(t)] for
all t. We now verify that with such @ we have that H(t) := QT (¢)B(t)Q(t)
is in unreduced upper Hessenberg form for all £. For completeness, we give
this argument, although it is the same used in [13, Theorem 7.4.3]. Rewrite
K = QR as R = QT K so that, for all t:

e1 H(t)ey H*(t)ey ... H" Y(t)e | = R(t). (2.2)

Reasoning column-wise, and using invertibility of R, we must have R. 1, =
HR.;, j = 1,...,n — 1, which implies that H must be upper Hessenberg.
Since Ry, = Ho1Hsy -+ Hy, ,—1, then H must be unreduced. Finally, that H is
smooth is obvious, since () and A are. O

The proof of Theorem 2.1 fails without unreduced Hessenberg structure, since
having C* functions @ and R which give the QR factorization of K in (2.1)
generally requires full rank of K. The result below shows that, in general,
some loss of smoothness will take place if K is not full rank.

Theorem 2.2 Let A € C*([0,1],R™"), k > 1, and let K be defined as in



(2.1). Assume that there exists an integer d, 0 < d < k, such that for every t

1
lim sup — det (KTK(t + T)) >0.

7—0 72d

Given an unreduced lower Hessenberg decomposition at to, A(ty) =
QT (to) H (t0)Q(to) with Q(te) = [q1 Q2(to)], then there exists a C*~? function
Q of the form Q(t) = [q1 Q=2(t)], defined in a neighborhood of to and passing
through Q(to), such that, for allt, H(t) = QT (t)A(t)Q(t) is lower Hessenbery,
and H is Ck=1.

Proof The proof uses [8, Theorem 3.1|. In particular, in this cited work
it is shown that under the stated assumptions there exist orthogonal ) and
upper triangular R, both C¥~4, such that K(t) = Q(¢t)R(t), for all t. Further,
in the proof of [8, Theorem 3.1] is also shown that the function K has full
rank except at most at isolated points. Now, for all ¢, consider the function
H(t) = QT (t)AT(t)Q(t) which is therefore a C*~¢ function. From the relation
(2.2), as in the proof of Theorem 2.1, we have that H is unreduced upper
Hessenberg in intervals where R (hence K) is full rank. By continuity, H will
stay upper Hessenberg (although not necessarily unreduced) also at points of
lower rank, since these are isolated. O

Remark 2.1 Suppose in Theorem 2.2, tisa point where R looses rank, and
let R = R(f), H = H(f). Let Ryyq,41 =0, and Ry # 0, i =1,...,7. Then,
exploiting the relation (2.2), it is easy to see that we must have H = [f[l f[g]
where H; € R™" is ‘upper Hessenberg, unreduced in its first r—1 columns, and
Hr+1 . = 0, while H, is undetermined from the algebraic relation (2.2). Fur-

ther, we must also have R = {%1 %2} where R; € R™ is invertible. Therefore,

we can conclude that if Rr+1,r+1 =0, then R (and K ) have rank r.

Remark 2.2 A special case of Theorem 2.2 is when the function K in (2.1)
has rank deficiency at most 1. In this case, from the previous Remark, we
can easily see that H will be unreduced upper Hessenberg in its first (n—2)
columns, and will have Hnn 1 = 0. In other words, necessarlly, R will be
invertible in its leading (n — 1,n — 1) block, and will have R,, = 0. In this
case, it is to be expected that H, ,_; will cross 0 in a generic fashion, hence it
will change sign, in principle enabling us to detect a transition from unreduced
to reduced Hessenberg forms.

We now discuss how to (smoothly) bidiagonalize a smooth Hessenberg func-
tion. First, we restrict attention to the unreduced case, and delay further con-
siderations of reduced Hessenberg structure to Theorem 2.6 and to Sections 3
and 4 for the practical impact of unreduced Hessenberg structure.

Theorem 2.3 Let H € R™" be an unreduced lower Hessenberg matriz. Let
the columns of the full rank matriz V€ R™ ™ span a real invariant subspace



of H; that is: HV =V, with C € R™ ™. Then, we can always choose V' of
the form V = [{;ﬂ X € Rv=m)xm,

Proof The statement is equivalent to saying that V' is of the form V = [“g}
with V4 € R™*™ invertible. [The equivalency is clear, since if V] is invertible,
then from HV = VC, we can rewrite H [“2} Vit = [“2} CV;.] We will prove

this result by contradiction. So, suppose we have full rank V' = [“g} such that

(with partitioning of H inherited from that of V') HE g;g} “ﬁﬂ = “ﬁﬂ C, and
that V] is singular. Then, there exist nonzero vectors z = [jl } and y = 0

y':m
both in R™ such that Vix = 0 and 47V, = 0. That is, we must have

Hyy Hip| |1 Vi
xTr = yT 0
Hy Hy| | Vo Va

Cz . (2.3)

y" 0

Let z = Voz, and observe that z cannot be zero as otherwise V' would not
have full rank. Also, recall that H is unreduced lower Hessenberg, hence His

00..0
is of the form His = Hpmia {5 o 5}. Therefore, from (2.3), we must have
100

yTngz =0, or Hpmi1Ymz =0.
Since H is unreduced, then we must have either (or both)
(a) ym =0, or (b) 2z =0.
Now we will proceed by cases.

I. First, suppose that y,,, = 0, and that z; # 0. Then, from [ o] [g; g;g} {“2} =
[y7 0] [%} C we must have (y? Hy1)V; = 0. Now, the vectors y” Hy; and y”
must be independent if y # 0: otherwise, we would need to have y" H;; = ay”
with nonzero o which would force y = 0 since Hy; is unreduced lower Hessen-
berg. Thus, we have {yTy;H 8} {g; g;g} [9] =[3], from which we must have

y"HyHipz=0, or Hyma21Hp 1mYm-1 =0,

which forces y,,_; = 0. Further, as before, the vector y? HZ is independent
of y* and yT Hy;. We continue this process until eventually we obtain y = 0.
Therefore, we cannot have y,, = 0 and z; # 0.

IT. Now suppose z; = 0. From Lg; g;g} 9] = “ﬁﬂ Cz we must have V1Cx =
0, and Hapz = VoCx. Observe that the vectors z and w := Vo,Cx are indepen-
dent if z # 0: otherwise, we would need to have w = az, for nonzero «, and

using the relation Hyz = w = az, we would get z = 0. But then, we must



have {g; g;;} [“g} [z Cce] = [“g} C'[z cz], from which we then must have
Hpw=VC’z = y"How=0, or Homy1ymws =0 .

If y,, # 0, then w; = 0. This fact, coupled with the relation Hyz = w gives
z = 0, a contradiction. If, on the other hand, y,, = 0, we have two possibilities
to consider. The first is that w; = 0, which still leads to the contradiction
z = 0 as above. Alternatively, if we have y,, = 0 and w; # 0, then we can
repeat the proof of the case I, with the vector Cz replacing x there (i.e., with
w replacing z). Also in this case we reach the desired contradiction. O

Corollary 2.4 Let H be an unreduced lower Hessenberg matriz with p dis-
joint groups of eigenvalues Ay, ..., \,, where complex conjugate eigenvalues

are grouped together. Write H in block notation as in Theorem 1.1: H =
Hi1  Hiz 0 0
le sz Hz3 :

: : : . Then, there exists a matriz T of the form
Hp—1,1 o Hp—1p-2 Hp—1,p—1 Hp-1,p

Hp1 o Hppo2 Hpp-1 Hpp
B B
I 0 .. 0 e 9
Xor I o -1 . 22 B3 :
T=|"2. = | suchthatT="HT is of the form 0
Xp1 oo Xppo1 1 0 Bp-1p-1 Bp-1p
p p;p 0 0 0 Bpp

with O'(B“) :Ai; 1= 1,...,p, and Bi,i—i—l = Hi,i—i—l; 1= 1,...,p— 1.

Proof Using Theorem 2.3, and exploiting the fact that H is in lower Hes-

senberg form, we first build 77 of the form { <L 0] such that Ty 'HT, =

2:p,1 1
B Hi . ) i
oy o where we notice that B;; is unreduced lower Hessen-
0 2:p,2:p—X2:p,1H1,2:p |7

berg and so is Ha.p 9.p — Xo.p1H1 2:p. S0, with the relabeling Hy.p, 9., < Ha.p 2. —
Xo.p1H1 2.p, and using again Theorem 2.3, we can build T, of the form 75 =
[é 192}, with Tp, = [XS{M ?} such that 75 ' Hy.po,Th = {BQZ a3 },

L X 0 H3:p,3:p_X3:p,2H2,3:p
and once more By, 1s unreduced lower Hessenberg and so is Hs.p, 3.,—X3., 2 H2 3.5

Continuing in this way, and setting 7" = 1175 ...T,_; gives the result. O
With same notation as in Corollary 2.4, we can now prove the following.

Theorem 2.5 Let H € C([0,1],R™"), k > 1, be an unreduced lower Hes-
senberg function. Let H have p groups of eigenvalues Ay(t), ..., A,(t), which
stay disjoint for all t € [0,1], and contain a constant number of eigenvalues
(counted with their multiplicity) ni, ..., n,, and with complex conjugate eigen-
values grouped together. Then, there exists a real valued C* function T, of the
form

Lo w0
T- [Xfl T ] , (2.4
Xp1 o Xppo1 I
with diagonal identity blocks of dimensionn;, i =1,...,p, such that, for allt,
Bi1 Biz 0 0
T OHOT(E) = B = | & 22 T ;
WHOTE) =Bt =] ¢ ~ 557 5% | (2.5)
0 .. 0 0 Bup



Here, B;;(t) € R"*" and o(By(t)) = Ai(t), i = 1,...,p. Further, each By,

t=1,...,p, 15 in unreduced lower Hessenberg structure, and B; ;11 = H; 11,
00..0

1=1,...,p—1, are of the form [56;;;5].
*0..0

Proof Observe that, given that H is in unreduced lower Hessenberg form,
if T exists, the fact that B;;, « = 1,...,p, are lower Hessenberg and that
Biiy1,i=1,...,p—1, are of the stated form follows at once. To show that T’
exists, and C¥, we use the implicit function theorem and derive a differential
equation defining T'. Using Corollary 2.4, at ¢t = 0 we can choose the initial
condition Tp of the stated form. Next, we differentiate the relation B(t) =
T~ (t)H (t)T(t) to obtain B = =T~ 'TB+T'HT+BT'T. With K := T7'T,
and C := B — T~'HT, we can rewrite this relation as BK — KB = C. Now,
observe that K is strictly block lower triangular, with blocking inherited from

00 .. 0
that of T: K = | *» - 0] Therefore, we can use the 0-structure of the
Kpi . Kppo1 0

strictly lower triangular part of B to recursively find the entries of K. With
the agreement that entries of index “0” are 0, we can find K as follows:

For 7=1,...,p—1, Solve (2.6)
Bjiipj+1pKjs1p — Kiv1piBjj = Civrpg + Kjr1pj-1Bj-1 - '

These Sylvester equations are uniquely solvable since o(By;)No(Bj;) =0, i #
j, so K is well defined and the result follows. O

A complete understanding in case we fail to have unreduced Hessenberg form
still eludes us. However, in the special case of which in Remark 2.2, we believe
we understand what can be expected. This is because of the following result,
which extends Theorem 2.3.

Theorem 2.6 Let H € R™™"™ be a lower Hessenberg matriz, unreduced in its
first (n —2) rows: Hyp1 #0, k=1,...,n—2, H,_1,, = 0. Let Ay be any
subset of m eigenvalues of H, counted with their algebraic multiplicity, and Ao
be the complementary subset of (n—m) eigenvalues, so that Ay and Ay have no
common eigenvalues, and let complex conjugate pairs be grouped together. Let
Ve R V= “ﬂ with Vi € R™ ™ be a full rank matrix whose columns
span an invariant subspace relative to Ay. Then, Vi is singular if and only if
H,, €A

Proof Clearly H,, is an eigenvalue of H with eigenvector e, (the n-th unit
vector).

(<) If Hy, € Ay, then e, = Ve, for some nonzero vector ¢ € R™. But then
Vie = 0, and hence V; is singular.

(=) If V] is singular, then there is a nonzero vector ¢ € R™ such that Vic = 0.



We now prove that V¢ is in the direction of e,, from which it will follow that
H,, € Ay. The proof is by induction on m (the rank of V).

[m = 1]. Here V' = Vi,,1 and V; singular means Vj; = 0. Using HV = VC
(here, C' is an eigenvalue), then since Hy 41 # 0, for k =1,...,n—2, we must
have V;1 =0,7=1,...,n—1, and since V # 0 then V,,; # 0 and thus V' is in
the direction of e,,.

[m > 1]. From Vic = 0 for some nonzero ¢ € R™, we have Vi mCn =
—Vim1:m—1€1:m—1, and if ¢,, = 0 (with ¢ # 0), we would have Vi.,_11.m—1
singular and so (by the induction hypothesis) we would have that Ve =
Viin,1:m—1C1:m—1 is in the direction of e,. So, let ¢, # 0, and notice that then
Vim—tm = —Vim-11m-1C1m—1/Cm. Next, let x = Ve and b = Cec. Since
HV =V, then we must have Hx = Vb. From the form of x, we have x;, =
0, k=1,...,m. So, we have Vi.;,_11.mb = 0, and thus Vi.,—11.m—101.m—1 +
by Viim—1.m = 0. But, using the previous expression for Vi.,,—1,, we then have
Vim—11m-17 = 0, where v € R™! has entries b; — b,,¢;/Cm, j = 1,...,m—1.
As above, if v # 0, the induction hypothesis would give V;.,,_1 1.m—1 singular,
and further Vi.,, 1.,—17 in the direction of e,, by the induction hypothesis, and
so also V' [§]. Therefore, we can let v = 0. Now, consider once more the re-
lation Hx = Vb, which gives Hy 112541 = Viimb = Viim—17 = 0, for k =
m,...,n — 1. Thus, since Hy ;11 # 0, we have x4 =0, for k=m, ..., n— 2,
and thus (since V' has full rank), we must have z in the direction of e,,. O

Remark 2.3 Theorem 2.6 tells us when we cannot expect to have a smooth
bidiagonalization procedure as in Theorem 2.5, in case in which the Hessen-
berg function H of which in Theorem 2.5 is not unreduced but we have only
H,_1, = 0. Indeed, if the eigenvalue H,, which has emerged has to be moved
away from the (n,n) position, then we can expect lack of smoothness (better,
of existence) for the transformation 7" of which in Theorem 2.5.

3 Algorithms

We present two algorithms, one to obtain the Schur form of Theorem 1.1, the
other to obtain the block bidiagonal form of Theorem 2.5.

3.1 Block Schur

This algorithm is an extension of the algorithm in [7,9], to which we refer for
justification of some of the choices adopted. Notation is as in Theorem 1.1.

Suppose we have accomplished the Schur reduction at ¢ = ¢, (initially ¢, = 0),
that is we have Q(ty) and R(ty) such that Q(to)T A(to)Q(te) = R(to), and



suppose we have the value h of the step to be taken, that is we want to obtain
the Schur factorization of A(ty), t; = to + h.

Algorithm 1. R
(i) Form R := Q(to)" A(t1)Q(to) (R is close to being block upper triangular,
for small /). Next, seek @ such that Q RQy = R(ty).

(ii) Annihilate the lower triangular entries of R by using the lower triangu-

I 0 .. 0
: Xor 1
lar transformation 7} = l 2

X X1 1
algebraic Riccati equations. The general recursion for this task is as follows.

] This implies that we need to solve

Forj=1,2,...,p—1, let i=j+1 .Solve F(X;,;) =0, where
F(sz) = Rzm + RZPZPXZPJ XZPJRJJ Xi:p,jRj,i:pXi:p,j (3-1)

Update Rl g Rl 7,7 + Rl 7, szzp] ) Rz.p,z.p — éi:p,i:p - Xi:p,jRj,i:p .

The result is a new matrix R such that R is block upper triangular.
(iii) Next, recover a Schur form by performing the QR factorization of T;:
Ty = Q,Uy, where Uy is upper triangular with positive diagonal entries. With

this Ql, set Q(tl) = Q(tO)Ql and R(tl) = U1RU1_1

To solve the Riccati equation in (3.1), we can use a Newton or stationary
Newton’s iteration. In the latter case, with notation from (3.1), for a given
initial guess XZ-(S,),J- and a value TOL for the stopping criterion, we recursively

solve the following Sylvester equations

For k=0,..., Kpax Solve

- 0) A - A~ 0 k
(Ripip — X iRyl — Y[Ry + Ry X)) = —F(X0)), (3.2)
Y]] '
Update X; ';ng X(];,J +Y. If ————— < TOL Stop.
i i o >
1+ [ x55

Initial Guess. As far as the initial guess X9 we experimented with two

i p R
choices. The first choice is the so-called trivial predictor: XZ .p; = 0, which has
the major benefit of simplicity. We also used the so-called tangent predictor,
which usually performs better than the trivial predictor and can be obtained
as follows. Recall that we seek (Q; such that Q{RQl = R(ty). Further, we
know (see Theorem 1.1) that on [to, t1] there is a smooth orthogonal U(t) such
that U(tg) = I and U7 (¢)(Q(to) A(t)Q(t0))U(t) = R(t). If we differentiate this
relation, and formally let S(t) = UT(t)U then we get that U and R must
satisfy the differential equations

(a) R=U"(Q(to)"AQ(t)))U — SR+ RS, R(ty) given

(b) U=US, Uty =1. (3.3)

10



Observe that if we had U(t;), then we could recover (the exact) T3, and
hence all of the X, ¢ = 2,...,p, j = ¢ —1,...,p — 1, from performing
a block LU-factorization of U(t;) with identity blocks on the diagonal of
L: U(t;) = TyU. Then, as in [9], we find a second order (in k) approxi-
mation to U(t;) by taking a Euler step in the differential equation (3.3)-
(b): Uy = I+ hS(ty) = U(ty) + O(h?). Then, the required tangent ap-
proximation for 77 can be obtained from a block LU-factorization of Uj.
To find S(ty), we can use (3.3)-(a). Indeed, evaluating (3.3)-(a) at t, gives
R(to) = Q(to)TA(t0)Q(to) — S(to)R(to) + R(ty)S(ty), and further using the
(1st order) approximation A(ty) ~ +(A(t1) — A(to)), then says that a second
order approximation to hS(ty), which we call S, must satisfy the Sylvester
equation R(t))S — SR(ty) = R(te) — Q(to)TA(t1)Q(to) + R(ty). Now, observe
that S, like S, must be antisymmetric, and recall from 8,9] that its diagonal
blocks can be set to 0. Therefore, we can solve the Sylvester equation for S by
finding its strictly lower triangular part, exploiting the fact that both R(t,)
and R(to) are (block) upper triangular. This gives the following recursion for

~

the blocks of S:

For j=1,...,p—1, with ¢=7j+1, Solve
(R(t0))ispispSiipg — Siwj(R(t))j5 = —(Q(to) " At1)Q(t0))ip.s -
fOI' S = i, ey p— 1, Update (Q(tO)TA(tl)Q(t0>>s+1:p,i:p—1
— (Q(to)"A(t1)Q(t0)) st 1:prip—1 — Sst1p5(R(t0))jip-1 -

(3.4)

A couple of observations are in order.

(a) Of course, we may want to use a complete Newton iteration rather that
the stationary Newton one. The stationary Newton iteration with tangent
prediction is the common choice in the continuation literature (e.g., see
[1,16]). Each iteration step of the stationary Newton is less expensive (see
(b) below) than a full Newton step; however, the speed gained by a full
Newton iteration often pays off (see the numerical results in Section 4).

(b) A key computational expense in the above algorithm is the need to solve
the Sylvester equation (3.2) (and the one in (3.4)), rewritten compactly
here as C'Y —Y E = (G. The standard way to do this exploits the identity
Utcu)(Utyv) — (UTYV)(VTEV) = (UTGV), with U and V orthog-
onal. We used the algorithm in [12], whereby the larger block, say C, is
reduced to upper Hessenberg form, and E to real Schur form. The system
is then akin to a Hessenberg one, which is inexpensive to solve (see [13]).
If a complete Newton iteration is performed, then the blocks C' and E
above change at each Newton iteration.

Motivated by point (b) above, as well as by overall efficiency issues resulting
from the required matrix/matrix multiplications, we next turn our attention
to techniques which simplify “a priori” the structure of A(:).
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3.2 Block Bidiagonal

The algorithm below finds the decomposition of Theorem 2.5.

Suppose we have accomplished the reduction at ¢t = t,, that is we have Q(t¢)
and H (to) such that Q(ty)T A(to)Q(ty) = H(to), with H(ty) (unreduced) lower
Hessenberg, and that we have T'(ty) as in (2.4) so that T~1(to)H (to)T(ty) =
B(to), with B(ty) as in (2.5). Further, suppose we know the step h to be taken.
We want to transform A(¢;), ¢, = to + h, to the block bidiagonal form B(t;).

Algorithm 2.

(i) Smoothly transform A(¢;) with orthogonal Q(t;) to lower Hessenberg form:
H(t)) = QT(t))A(t;)Q(t,). Further, transform H(t;) with T(t,): set H =
T (to)H (t,)T(to) (note: H is close to being upper bidiagonal).

(ii) Annihilate the lower triangular blocks of H by using the transformation

I 0 .. 0
T = [Xfl I o 0] Thus, we need to solve the following Riccati equations:
Xp1 oo Xppo1 I

Forj=1,2,....p—1, let i=j54+1

Solve G(X;, ;) =0 where

G(Xipg) = Hipj + HipipXip,j — XijHjj — Xip jHj1:pXip,j
Update H]] — H]j + Hj,iXi,j s Hi:p,i — Hi:p,i — Xi:p,jHj,i .

(3.5)

The end result is the sought matrix B(t;).

Remark 3.1 It is very important to observe that the updates in (3.5) do
not destroy the Hessenberg structure. In fact, the first update only changes
the last row of fljj which remains lower Hessenberg. Likewise, the second
update leaves the block Hi., ., in lower Hessenberg form. This fact produces
considerable computational savings when we solve the Riccati equations.

We now discuss steps (i) and (ii) of the above Algorithm 2 in more detail.

(i). To ensure a smooth transformation of A(t;) to Hessenberg form, we can
exploit the “Implicit Q Theorem”, see [13, Theorem 7.4.2]. This Theorem
states that “ If two orthogonal matrices U; and U,, with same first col-
umn, transform a given matrix into unreduced Hessenberg form, then Uje; =
+Use;, © = 2,...,n". Therefore, we first find Ql which has first column
equal to the first column of Q(¢y) and which transforms A(t;) into unreduced
lower Hessenberg form. To find @, we use standard Householder transforma-
tions, as in [13]. Then, we choose a diagonal matrix D = diag(1,+1,...,£1)
so that HQlD - Q(to)HF is minimized, and will then let Q(t;) = Q,D. To
solve the minimization problem is trivial: we take +1 on the diagonal of D if

(QTQ(to))is > 0, and —1 if (QTQ(to))is < 0.
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(ii). To solve the Riccati equation in (3.5), we may use a stationary Newton’s
method as for (3.1), and thus end up having to solve Sylvester equations as in
(3.2), with H replacing R there. Next, we need to discuss how to choose initial

guesses XZ .p.; for solving (3.5). Of course, the trivial predictor X,(p) ;= 0is still
a possible choice. To arrive at the tangent predictor, we proceed similarly to
what we did for (3.1). Recall that for ¢, < ¢ < ¢;, we can think to have a
smooth Hessenberg function H(t) partitioned as usual, and we seek smooth
T(t), of the form (2.4), such that T (¢t)H (¢)T(t) = B(t) as in (2.5). As in the
proof of Theorem 2.5, we can derive a differential equation satisfied by T'(t).
With same notation as in Theorem 2.5, we get

BK —KB=B-T7''HT, and T=TK,6 T(t) given .

From the latter, we can obtain the second order approximation T,\" = T'(to)(I+
hK(ty)), if we have K (t;). We will proceed by using the zero structure in the
relation B(to)K (tg) — K (to)B(to) = B(ty) — T~ (to)H (to)T(to) after perform-
ing the first order approximation H(ty) ~ +(H(t1) — H(tp)). Thus, we can
approximate hK (tg) at second order by K, which satisfies

KB(ty) = B(to)K = T~ (to) H(t:)T (to) — B(to) — B(to)

Now, B(to) and B(t,) are upper bidiagonal, and K is strictly lower triangular:
00 .. 0
K = [K?l o 1 Therefore, we can find K as we did in (2.6). This is

K-pl o Bpp-1 0
essentially the same procedure used in (3.4), but the major advantage, now, is
that we have a much less expensive solution process for the blocks Kj., ; and
for the updates, since B(ty) is upper bidiagonal.

Remark 3.2 Our construction of the block-bidiagonalization has rested on
Theorem 2.5, which necessitates unreduced Hessenberg structure. In case the
Hessenberg function becomes reduced, we may still be able to find (smoothly)
the transformation to bidiagonal form, if the situation of which in Theorem 2.6
and Remark 2.3 applies. Otherwise, in general, failure to have unreduced Hes-
senberg form may lead to singularities in the transformation 7', which will be
betrayed by lack of convergence when trying to solve the Riccati equations
(3.5); see Example 4.2 in Section 4.

3.3  Continuation

To adaptively choose the step h, we adopt a common strategy in the contin-
uation literature (e.g., see [1,16]) whereby the step is chosen based upon the
convergence behavior of the Newton iteration. In particular, for both Algo-
rithms 1 and 2, we monitor the convergence behavior of Newton’s method used
for solving the Riccati equations (3.1) and (3.5), respectively. In either case,
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call Nits the required number of iterations for convergence, where we further
restrict Nits < 7. Then, given an old stepsize hy, we choose the new stepsize
h according to h = 24-V1t)/3 Finally, we require that A > hpyin, where we
have set Iy, = 1078 (i.e., since we work in double precision, Ay, ~ vVEPS).
The very first time, we initiate the procedure with h = 1072. Finally, when
solving the Riccati equations (3.1) (or (3.5)), we use TOL = 1075,

4 Examples

Here we exemplify the performance of our algorithms on a few test problems.
The algorithms have been implemented in Matlab in the way explained in
Section 3.

Example 4.1 We first build a function H € R®*® in unreduced lower Hes-
senberg form
H(t) = [R'()CHRE)" (4.1)
where R is upper triangular with R;;(t) = cos(i + j)(]ﬁ + L2 1 <<
j <8, and Ry(t) = cos(i)(s5 + 5)e* /%, 1 < i < 8. Further, C(t) is the
00 ..0 —ao(t)
companion matrix C(t) = {(1) _? } , where ag, ..., a7, are obtained by
0..0 1 —ar(t
requiring that the characteristic polyn(o)mial P\t = A +ar(HN + -+ +
ar(t)A+ag(t) of C(t) be P(A,t) = p(A)g(A, t) with p(A) = (A—=2)(A—1.5)(A—
1)(A=10.5) and g(\,t) = A+ a' —2)(A+a' — 1.5)(A+a' — 1)(A + a" — 0.5),
a=2.5.

Then, the function H in (4.1) is rotated into the function A = QT HQ, where
@ is defined as the exponential (computed with the expm function of Matlab)
of the antisymmetric function S: S(t) = {8 s?t)L with s : t — R™7 antisym-
metric whose strictly upper triangular part is given by

silt) = (1) T = <o (4.2)

ij iyl S : .

Initial time is ¢ = 1, where the eigenvalues are +0.5, £1, +1.5, £2. We com-
pute the eigendecompositions for 1 < ¢ < 3 (the negative eigenvalues slowly
decrease up to —13.625, —14.125, —14.625, —15.125), as well as for ¢ < 1, in
which case the negative eigenvalues increase until one of them coalesces with
the eigenvalue 0.5 at ¢ = 212 ~ 0.4425.

Example 4.2 This is a test problem used in [9]. We have A := ¢ — R8*8
of the form A(t) = VT (t)R(t)V (t). Here, V() = ¢*® with s skew-symmetric
with strictly upper triangular entries as in (4.2), and R(t) = [Q _CB}, D =
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diag(1,2,3,4)+ L, B = diag(4,3,2,1)+ LT =51, and C = DX + X B, where
X € R¥* is made up by all 1’s, and L is strictly lower triangular made up by
all 1’s. Two cases are of interest: (a) 1 <t < 3 whereby the eigenvalues vary
from a modest size in the range [—2,4] to the range [—124,4]; (b) ¢ < 1, until
at t = E% ~ 0.68261 we reach the double eigenvalue 1.

Results of our experiments on Examples 4.1 and 4.2 are summarized in Tables
1, 2, and have been obtained using the tangent predictor for either Algorithm
1 or 2. In the tables, we give the following. (i) The “Decomposition” we found:
either a complete Schur or Bidiagonal form, Schur and BiDiag respectively, or
a block decomposition in two blocks of size 4 ordered with respect to the initial
ordering of the eigenvalues (decreasing real parts); (ii) The value t,q, relative
to the time interval we considered; (iii) For each of the Newton or Stationary
Newton iterations used to solve the Riccati equations (3.1) or (3.5), we give:
Nsteps/Nits/NF, where Nsteps is the required number of steps to complete
the path, Nits is the max number of iterations of the Newton’s method for
solving the Riccati equations relatively to the successful steps, and NF is the
number of failed steps, each of which costs at least 7 iterations.

In Table 1, we report on the results for Example 4.1. The vector ¢; used for
obtaining the smooth Hessenberg form is the first unit vector.

Table 1. Example 4.1.
Decomposition tend Newt Stat-Newt
Block-BiDiag 0.4 2706/10852/6 9560/38283/1
Block-Schur 0.4 2339/9392/3 6659/26684/1
BiDiag 0.4 1856,/7442/11 Fail#1
Schur 0.4 2512/10089/2 7483/29976/2
Block-BiDiag 3 375/1426/17 746/2786/42
Block-Schur 3 Fail#2 Fail#2
BiDiag 3 1625/6503/0 4981/19932/0
Schur 3 Fail#2 Fail#2

Referring to Table 1, we notice that the bidiagonalization algorithm works very
well. In case of t.,q = 0.4, all methods stop at t &~ 0.4425, where the eigen-
values coalesce. Fail#1 is due to the fact that we jump over the singularity
at t = 0.44251, and complete the path but with wrong eigenvalues’ ordering.
Fail#2, instead, are due to extremely slow convergence. To witness, after 5000
steps, Block-Schur is still at ¢ ~ 1.88 with Newton and ¢t ~ 1.61 with sta-
tionary Newton, whereas Schur is at ¢ ~ 1.38 with Newton and ¢ ~ 1.25 with
stationary Newton.

In Table 2 we report on the results of experiments on Example 4.2. Here,
the choice of an initial orthogonal vector ¢; with which to seek the smooth
Hessenberg form is crucial. We generated (in Matlab) two “random” orthog-
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onal vectors, u and v, and report on the different results in these cases. At 4

digits, these vectors are u = [ -0.2226 0.8259 —0.0516 0.0431 0.4036 0.0224 —0.0362 —0.3148 |,
v = [~0.1611 —0.6204 0.0467 0.1072 —0.4270 0.4436 0.4429 —0.0140 ].
Table 2. Example 4.2.

Decomposition tend Newt Stat-Newt
BiDiag: u 0.6 156/627/23 428/1740/10
BiDiag: v 0.6 Fail#1 Fail#1

Schur 0.6 Fail#2 Fail#2
BiDiag: u 3 Fail#1 Fail#1
BiDiag: v 3 12035/48157/0 Fail#3

Schur 3 15123/61268/0 Fail#3

Some comments on the results in Table 2. Fail#1 is due to repeated failures
because of lack of unreduced Hessenberg structure: the eigenvalue given by H,,
is not in the group Ay (see Theorem 2.6 and Remark 2.3). Fail#2, instead, is
due to the fact that the Schur form jumps over the singularity at t ~ 0.68,
whereas BiDiag: u has repeated failures and halts at ¢ ~ 0.68. Fail#3: the
procedures are extremely slow.

Example 4.3 This is Example 1.1 of the Introduction, which revealed itself
quite an interesting problem. In the following list, we summarize our results
for the Schur or bidiagonalization methods relative to computation for ¢ €
[1.5,2.5], and with the general adaptive time stepping strategy of Chapter 3.

- Aslong as we force the methods to step exactly at t = 2, both methods solve
the problem correctly regardless of whether we use Newton or Stationary
Newton iteration and regardless of whether we use the trivial or the tangent
predictors.

- If we do not force the methods to step exactly at ¢t = 2, performance differs.
Using the trivial predictor, the bidiagonalization method recovers always
the right solution with either Newton or Stationary Newton iteration. The
Schur method, instead, gives the wrong solution with Newton’s method (and
the correct one with Stationary Newton).

- With the Euler predictor, and either Newton or Stationary Newton iter-
ation, both bidiagonalization and Schur methods converge to the wrong
eigenvalue ordering.

Remark 4.1 Based on all our experiments above, and also others which we
have done, it appears that in case of two blocks of eigenvalues the benefits
offered by the prior Hessenberg reduction become minor (but see Table 1).
However, for the case of complete eigendecomposition, and as long as unre-
duced Hessenberg structure is maintained, the new algorithm based on a com-
bination of Hessenberg reduction and bidiagonalization appears at the very
least competitive with the Schur reduction, and is considerably less expen-
sive in many circumstances. In case in which unreduced Hessenberg structure
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is lost, the bidiagonalization algorithm requires further study. In all cases, a
more thorough study of the adaptive time stepping strategy is warranted.
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