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TECHNIQUES FOR CONTINUOUS OPTIMAL TRANSPORT PROBLEM

LUCA DIECI AND DANIYAR OMAROV

ABSTRACT. In this work, we consider and compare several different numerical methods to solve the
classic continuous optimal transport problem between two probability densities, while minimizing the
cost function given by the squared Euclidean distance. Classically, the problem reduces to having to
solve a second order elliptic PDE (the Monge-Ampére PDE). An alternative is to consider the so-called
fluid dynamics formulation of Benamou and Brenier. One of our goals in this work is to compare two
numerical methods used for the fluid-dynamics formulation with a direct discretization of the Monge-
Ampére PDE. Finally, we introduce a very natural new class of problems, which we call separable, for
which we devise very accurate methods. We give implementation details of all the different methods,
and extensive testing on many different problems which we created in order to provide a fairly complete
arrays of the typical difficulties one encounters, and to highlight the benefits of different methods.
With the same level of attention to implementation details, some insight into the relative merits of
the different techniques emerges and we can draw conclusions and provide recommendations on what

techniques to adopt for this problem.

1. INTRODUCTION

Optimal transport (OT) problems appear in several applications in various fields, such as machine
learning, mathematical biology, economics, and image processing (e.g., see [18], [21], and the references
in [23]). Indeed, the pervasive nature of OT problems has led to a lot of interest in numerical OT, and
new methods continue to be developed for this task (see the many references below). However, all the
numerical works of which we are aware seem to be concerned with novel algorithmic developments but
not with providing a comparison of these new developments with alternative, pre-existing techniques.
This gap has provided the motivation for our work, and as far as we know our is a first effort to
compare methods for the OT problems.

The first mass transfer problem, a civil engineering problem, was considered by Monge in 1781, [20].
A modern treatment of this problem, in term of probability densities, was formulates by Kantorovich
in [11], who opened the path to viewing the problem in the framework of an optimization task and
to exploit duality, which allowed for great improvements in the theory, and also to obtain powerful
numerical methods.

A useful formulation of the problem considers two given probability densities, po(x), x € €, and
p1(y), v € Q, where Q is a convex and compact subset of R?. Then, the optimal transport problem
consists in secking an invertible map T : © — Q which transports one density into the other', while
minimizing a given cost functional ¢(z,y) which represents the cost of moving one unit of mass = into
one unit y. In this work, we will only consider the case of dimensions d = 1 or d = 2, and continuous
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1By this, it is meant that 7 pushes po forward to p1, that is po(T " (A)) = p1(A) for all Borel sets A C Q
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densities pg and p1, though —in general— also the case of pg and p; being discrete densities is of interest.
Finally, although the cost may be just Euclidean distance or any other p-norm with p > 1, for us in
this work the cost is given by the squared Euclidean distance, that is c¢(z,y) = ||z — y||3. This is the
most widely studied OT problem, and it is well known that this problem has a unique solution; that
is, there is a unique smooth, invertible, map 7" minimizing the cost, see references below. We will
henceforth just restrict to this case, and so we will just write || - ||? rather than || - ||3.

To recap, the Monge-Kantorovich (or just MK) problem we consider consists of the following.

1. Given po(z) > 0, p1(z) > 0, such that [, po(z)dz = [, p1(x)dz = 1, where Q C R? is compact
and convex.

2. Seek a smooth, invertible, map 7' : £ — Q which achieves

int / & - T(@) [2po(x)de

s. t. / p1(z)dx = / po(z)dz , for every bounded set A C €2,
x€A T-1(z)eA
so that, from the change of variable formula. the last relation rewrites as

p(T(2)) det(VT(x)) = po(c) -

In the specific case we are considering here, the unique optimal map T is the gradient of a convex
function u (see [23, Theorem 1.17]). In light of this, the change of variable formula rewrites as the
following nonlinear elliptic partial differential equation (PDE), the Monge-Ampére equation (MA for
short):

det(Du(x))py (Vu(x)) = po(x)

where u(z) is convex and D?u is its Hessian.

(2)

We will shortly discuss appropriate boundary conditions (BCs) for this PDE, at which point a possible
method will suggest itself.

An alternative formulation of the OT problem was given by Benamou & Brenier in [1], where
they showed that the OT problem is equivalent to the following constrained variational problem
(see [23, Theorem 5.28)):

1
inf/ /||v(t,x)\|2p(t,x)dxdt such that
vJo Ja

3) 8”5;2’) +V - (ot 2)p(t,2) =0 and

p(0,2) = po(z), p(1l,2) = pi(x)
where v(t, z) is a smooth velocity field, and p(t, z) is a density interpolation function. The minimization
problem (3) is known as Benamou-Brenier formulation or fluid dynamics formulation. The relation
between the minimization problem (3) and the result giving the optimal map 7" as gradient of a convex
function w is that Vu(z) = x4 v(0, z) (again, see cited references). The optimal value of the functional
in (3) is the square of the (L?-)Wasserstein distance between py and p;, and it is usually written as
g‘z,[, (po, p1)- This distance gy has become a popular way to measure distance between distributions,

thanks to its increasing use in statistics and machine learning, e.g., in generative adversarial networks

(GAN).
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Remark 1.1. [ = Rd] An important case is when the problem is set on the full space R%, that
is Q = R? in the above. Now we will need to require that py and py have finite second moments:
Jga llz)?po(@)dz, [pallz||?p1(z)de < co. With this, the existence (and uniqueness) of the optimal map
T :R? — R? continues to hold; see [23, Theorem 1.22]. Likewise, the previous equivalence result, that
is Vu(z) =z +v(0; ), about the formulations (2) and (3) holds as well.

Remark 1.2. Although we are only considering the continuous optimal transport problem, depending
on whether (one or both of) the densities are discrete or continuous, one has a fully discrete, or a
semi-discrete, or a continuous problem. Naturally, different methods apply in these different situa-
tions. For example, when mapping a discrete density to a discrete density, the resulting discrete OT
problem reduces to an assignment (linear programming) problem and we refer to [3] and [7] for viable
techniques. When mapping a continuous density to a discrete density, one has a so-called semi-discrete
OT problem, which boils down to finding a Laguerre tessellation, and we refer to [8], as well as [17]
and [13] for a review of numerical techniques in this case. Although there are efficient techniques in
the discrete and semi-discrete cases, for a truly continuous optimal transport problem (that is, when
both po and py are) we see at least two major difficulties in transitioning from the continuous transport
problem to a fully (or semi) discrete problem: (1) where and how to sample the continuous densities,
and (2) how to extract the optimal map from the joint distribution obtained solving the discrete prob-
lem. As far as we can tell, these two tasks are not generally settled, and that is why we stuck with

techniques designed for the continuous OT problem.

The rest of this paper is organized as follows: in Section 2, we first discuss at a high level (Section
2.1) the three basic numerical methods which we considered for solving the OT problem and then
(in Section 2.2), we give details of their numerical implementation. In Section 3, we introduce a
simple but important class of problems for which one can always solve 1-d (and not 2-d) problems and
the numerical methods considered (especially one of them) become particularly efficient; we also give
details on the well-posedness of these 1-d problems in an Appendix at the end. In Section 4, we give

a list of problems we created as well as numerical results. Conclusions are in Section 5.

2. ALGORITHMS

Below, we review three basic techniques to solve the OT problem based on either solving the Monge-
Ampere PDE, or using the Benamou-Brenier formulation, or using a system of PDEs also resulting

from the Benamou-Brenier formulation.
2.1. Basic Algorithms Description.

2.1.1. Monge-Ampere PDE. The most direct approach to find the Monge map is to solve (a discretized
version of) (2). This has been done many times before; e.g., see [4,22] for early work, [16] as well
as [5,9,10,19] for more recent discretization efforts, as well as the reformulation as a steady-state of
an associated parabolic problem of [24]. In this work, we will closely follow the algorithm proposed by
Froese in [9]. Before discussing more details, including the choice of BCs, we note that there are two
other issues of concern. First of all, since uniqueness is guaranteed only for the map T'(z), a solution
u(x) of (2) is unique only up to a constant. In practice, one can remove this non-uniqueness in several

ways: for example, by enforcing that the solution has mean zero ( fQ u(x)dx = 0) or by fixing a specific
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value a-priori (say, u(xo) = 0). In [9], the mean zero condition was implemented. The second concern
is that we are interested in a convex solution w. A main contribution of [9] on this aspect is related
to the discretization of the determinant operator. In fact, a straightforward discretization of (2) by
centered differences methods will not conserve convexity of the solution during iterations. Froese in [9]
resolves this issue by replacing the determinant operator with the following, and then using centered
difference (see Section 2.2.1)

(4) dett(D2u(z)) = ( mi?ev {max(uvwl,()) Max (Uyypy; 0) + MiN(Uyypy, 0) + min(tyyp,, 0)}
V1,02

where V is the set of all orthonormal bases of R?. Under this specific discretization, Froese gives some

convergence results for the finite difference scheme (see [9, Theorem 5]).

2.1.2. Regularized Benamou-Brenier. The next algorithm we considered is based upon the optimiza-
tion problem expressed by (3). The basic approach based on solving this optimization problem was
discussed already in the original paper [1] where the authors confronted the difficulties arising from
lack of strict convexity of the functional. In our presentation, we will follow the recent work of Li et
al., [14], where the authors expand upon the work [1].

To begin with, the authors of [14] replace (as already done in [1]) the velocity field function v with
the flux function m:

v(t,z) = m(t, 2)
p(t, )
and (3) can be reformulates as
mm (t,:):)dacdt
5 op(t
(5) p(alzx)+V‘m(t,$):O

p(0,2) = po(x), p(L,2) = p1(),
where the infimum is sought among the flux functions m satisfying zero-flux conditions, [14]. Next,
motivated by the lack of strict convexity and by the fact that if p(¢,2) becomes 0 (or even close to
0), a numerical scheme will run into difficulties, the authors in [14] regularize (5) as follows. They
perform the change of variable m(t,z) = m(t,z) + BVp(t,x), where [ is a regularization parameter,
and rewrite (5) as:

el L1552
)=
1

2
B 52(V10g p(t, 2))20(t, 2) dodt + 28D(pr] o)

(6) Op(t, x)
ot
p(0,2) = po(x), p(1,2) = p1(x),

where D(p1|po) is the constant

D(orlon) = [ pi(@)log pa(a)de = [ po(a)1og po(o)i

We note that with this reformulation the Wasserstein distance gy (po, p1) is thus approximated by the

m(t,z

square root of the minimum value in (6).
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The chief difference between (5) and (6) is the Fisher information term Z(p):

//Vlogpt;v) p(t, x)dzdt .

The purpose of this regularization is that adding the Fisher information term maintains the probability
densities strictly positive (it acts as a barrier function), and further introduces strict convexity into
the original minimization problem. Some convergence results as § — 0 of the solution of (6) to that
of (5) are in [12]. But, of course, in practice one cannot let 5 — 0 and balancing the appropriate value
of 8 with the discretization level in x and ¢t will be important; see Table 1, which clearly shows the
need to decrease [ up to the discretization error level in space and time, but that there is no benefit
beyond that.

dt =1/6 dt =1/11 dt = 1/21

_ 1 _ 1 _ 1 _ 1 _ 1 _ 1 _ 1 _ 1 _ 1
J6] dx-16 dx-32 dx-64 dX—16 dX—32 dx-64 dx-16 dx-32 dx-64

1071t 0.550 0.563 0.567 0.553 0.564 0.567 0.555 0.566 0.569

102 0.053 0.046 0.050 0.054 0.052 0.056 0.056 0.054 0.058

1074 0.028 0.020 0.017 0.031 0.017 0.010 0.036 0.021 0.011

10-8 0.028 0.021 0.018 0.031 0.017 0.010 0.036 0.021 0.011

TABLE 1. Errors in Optimal Map for Problem 4.1, obtained by the Regularized
Benamou-Brenier method with different 8 values and varying levels of discretization dt
and dzx.

2.1.3. Geodesic. The last technique we present is based on the recent work by Cui et al. [6]. The
technique is based on a reformulation of the Benamou-Brenier problem (3) posed in R?; see Remark
1.1. The authors of [6] reformulate the problem as the Hamiltonian PDE system
Op(t, x)
ot
) WD) | s =

p(0,2) = po(z) , p(1,2) = pi(z),

where V.S = v. Here, the Hamiltonian is given by H(p, S) = 3 [ga [|[VS||*pdz. When the reformulation

+ V- (p(t,z)VS(t,x)) =0

holds (see [6]), then, if S(0,z) is known, for the Wasserstein distance the equality gw (po,p1) =
V/2H (po(z), S(0,z)) holds as well. Furthermore, the optimal map has the form T'(z) = z + v(0, z).
The basic idea of [6] is to find an initial S(0,z) (or v(0,z)) such that the trajectory starting at

(po, S(0,z)) arrives at p; at t = 1. This is the well-known geodesic equation between the two densities

po and p; on the Wasserstein manifold (see [25]). But, since S is defined only up to an arbitrary
constant, the boundary value problem (7) cannot have a unique solution. Because of this fact, we end

up (just like the authors of [6] did, albeit at the discrete level) using the formulation based on p and
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8,05;1;@ LV (p(t,2)o(t,z)) = 0
(8) ov(t, )

1 2
— t =
2+ ot )| = 0

p(0,$) = po(.%‘) ) ,0(1,1‘) = pl($) :

As far as the Wasserstein distance is concerned, one can obtain it from the square root of

(9) /Rd 10(0, 2)|1?po(x)dz .

2.2. Numerical Implementation. In this Section, we discuss some implementation issues of the
basic algorithms from Section 2.1.

Restriction 2.1. We will consider two types of problems. (a) Periodic problems, which are naturally
formulated on the torus, and (b) Problems given on finite rectangular domains: Q = [ag, a1] X [bo, b1];
furthermore, for convenience, we also assume that (by — by) and (a1 — ag) are rationally related,
that is there are p,q € N such that p(a1 — ag) = q(by — by).2 In fact, we could also consider two
different rectangular domains for the two different densities, say X = [ap,a1] X [bo,b1] for po and
Y = [ap, 1] X [Bo, £1] for p1, but it is a simple linear change of variable to reduce Y to X.

Remark 2.2. Note that consideration of a finite rectangular domain poses some nontrivial restric-
tions on the approach of Section 2.1.8. In particular, the formulation based on (8) of [6] on a finite
domain ) imposes zero-flur conditions, more specifically homogeneous boundary conditions for v and
homogeneuous Neumann conditions for p(t,z): v =0 and g—z =0 on 02 (here, n is the outer normal).

If these are severely violated, the use of this approach on a truncated domain is of dubious value.

2.2.1. Monge-Ampere Discretization. As mentioned in Section 2.1.1, we follow the approach of [9] for
discretizing (2).

The first thing to decide is how to choose the orthonormal vectors in the monoténe discretization
of the derivatives (see (4)). Rather than considering all possible orthonormal bases of R? ,we restrict
the set V' of (4) to these two bases:

) w0

Using these sets, we derived centered difference formulas for both first and second derivatives. (The

first derivatives of course are needed to evaluate p;(Vu).) For example, for the first derivatives we

have
Uit1,j = Ui-1j Ui g1 — i1
[Diulyy = —=5——=,  [Dyulyj = ———5——,
Uit 1,541 = Yi1,-1 Uit1,j—1 = Uinljt1
D3, ulij = D3, uli; = .
(D5, u]i; > Toh , [Dayulij N

where h is the mesh size of the grid (recall that we can take same mesh-size in both coordinate
direction). Similarly for the second derivative approximations (see [9]).

2Note that this assumption allows us to restrict consideration to discretizations having the same mesh-size in both z;
and x2 directions.
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The second key aspect of the algorithm is how to select the boundary conditions. For periodic
problems, we cannot use (2) as given, since there cannot be any periodic convex function u (except
the constants) satisfying p; det D?u = py with pp and p; periodic. The appropriate setup now is not
for u to be convex but rather [|z||? — u to be (e.g., see [16] and [23, pp. 211-214]), so that the the
optimal map will be its gradient, that is T'(z) = x — Vu(z) (in the periodic sense), and now u satisfies
this Monge-Ampere PDE:

(10) p1 (z — Vu)det(I — D*u) = po(x) .

For rectangular domains, we followed the approach of [9] and implemented the so-called transport
boundary conditions: “The gradient of v maps the boundary onto the boundary”. That is:
(11) Vu(02) = 00 .
These are particularly easy to implement when we have two rectangular regions (in fact, for more
general polygonal regions as well) X = [ag, a1] X [bo, b1] and Y = [a, a1] X [5o, B1]. Then (11) become:
12) Ug, (a0, 72) = ap, Vz2 € [bo, b1], Uz, (a1,72) = a1, Yag € [bo, b1,
Ugy (71,00) = Bo, Vo1 € [ap,a1], g, (z1,b1) = B1, Vo2 € [ag, a1].

Let h be the mesh size of the N x M grid, such that (z1); = ao, (z1)8y = a1, (z2)1 = by, and
(z2)p = b1. Then (12) are discretized as:

u3,j2_hu1,j —ag, Vj €2, M — 1], UN,j ;ZNfz,j — o, Yj €2, M~ 1],
Uj3 — Uil . _ i, M — Wi M-2 _ . _
T = ,807 Vl S [2, N 1], —2h /81, VZ & [2, N 1],

and at the corners:

uzgz —ui1 o+ Po uni—un-—23 a1 —fo
2v/2h N 2v/2h N
uip —usmM—2  —oo+ B unm —un—2m-2 a1+ B

2v/2h V2 2v/2h G

Finally, we add the condition u1; = 0 to remove the ambiguity resulting from the fact that u(z) is

defined only up to a constant.

Remark 2.3. To be able to handle non-polygonal domains X and Y, in [2] the authors proposed to
use boundary conditions inherited from the signed distance function o(Vu(x)):

o(Vu(x)) = dist(Vu(x),0Y) =0, Vx € 0X.

Unfortunately, we were not successful in implementing this type of boundary conditions and to replicate
the results of [2].

Once the previous discretization is adopted, the Monge-Ampére PDE is replaced by its difference
analog and the discretized system is solved using Newton’s method. As usual, for Newton’s method it
is important to give a good initial guess. To this end, we experimented with three different approaches.

Initial Guess for Newton.

(i) Trivial. Here we use the identity as the approximation to the optimal map, that is u(z) =
1)),.12
3l ]l
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(ii) Interpolation. We interpolate a solution obtained on a coarse grid to obtain an initial guess for
the fine grid. In other words, assuming that N and M are both even, the initial guess u® on the
N x M grid is the solution u* defined on the % X % grid, which is interpolated on the N x M
grid (we used the MATLAB built-in function interp2 which does linear interpolation). This is
done recursively (for as long as division by 2 returns an integer answer) until max N, M < 8.
Finally, for the coarsest grid we used the identity map as an initial guess.

(iii) Homotopy. Here, let X =Y. We introduce an artificial source probability density po(u,x):

po(p, ) = (1 — p)p1(x) + ppo(z)
and transport pg to p; as p goes from zero to one. At pu = 0 we are mapping p; to pj, which

corresponds to the identity mapping. We begin with Al =1 /10 or 1/100 and update it based
on the number of Newton iterations in the previous step:

Al — Q%Ai—l, pi= il 4 A
where k is the number of Newton iterations required to solve problem at p~*.

The results of Table 2 compare performance of the above different options to initialize Newton’s
method, and they are typical, showing that in the end the simplest option of using the trivial initial

guess is also the most efficient. Of course, in all cases the same solution was recovered.

Identity Interpolation Homotopy

dx || Newton | Time | Newton | Time || Nsteps, Newton | Time
Problem 4.9

% 6 0.01 6 0.03 12, 50 0.05

% 6 0.02 10 0.05 16, 66 0.18

= 8 0.19 12 0.34 15, 62 1.47

& 9 2.78 16 5.25 15, 62 20.2

fls 17 78.3 21 101 13 ,54 262
Problem 4.10

% 7 0.23 7 0.19 3,20 0.06

& 6 0.50 7 0.66 5, 40 0.16

3% 6 1.91 11 2.65 7, 60 1.60

6i4 8 9.17 15 13.8 7, 61 22.1

ﬁ 12 81.9 14 104 4, 32 281

TABLE 2. Total number of Newton’s iterations, number of homotopy steps if applicable,
and execution times, when the nonlinear Monge-Ampére discretization is solved with
different initial guesses for Newton’s method.
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2.2.2. Regularized Benamou-Brenier Discretization. Here, we need to solve problem (6) by discretizing
it on a spatial and temporal grid. Note that the dependence of the discretized constraints on m and p
is linear when standard finite difference schemes are used for derivative approximations. This method
is well suited for rectangular domains, but not when we pose the problem on the torus (periodic
problems), because of the requirement of 0-flux on m.

Under Restriction 2.1, let the domain 2 = [ag, a;1] X [bo, b1] be discretized with a uniform meshsize h
such that (z1); = ap+h(i—1),i=1,2,...,N, (x2); = bop+h(j—1),j =1,2,..., M. In addition, let L be
the number of internal time values such that t; = Idt, [ =0,1,...,L+1 and dt = L+L1 The probability
density values p(t;, (z1)s, (x2);) are defined on the grid vertices and m(t;, (z1)i+0.5, (2);+0.5) are defined
on the grid edges. Then, the discretization of (6) is:

min f(U)
(13) v
s.t. AU =19
mr1L(:)
where U = (mz2(:)) e RIN-DM+NM-1)(LAD+LNM yenresent the grid analog comprising the two
R(:)

components of m and of p and we need to impose/maintain positivity of R.
So, m* € RIN=DxMx(L+1) - ppzs ¢ RNX(M-1)x(L+1) R ¢ RNXMXL and the objective function
f(U) is given by

fU) = f(m™,m™, R) =

L N-1M-2 m 9
2(mitos.0) § i1+ Pin
-y 2mizosga)” %(bg(pi,m o) 2 P
(14) =0 i=1 j=1 Pigl + Pit1,41
L N-2M-1 x 9
2(m35 . 05.) o2 piit+ piiens
+ g Y b Z_(log(p;.i1) — log(pij+1 l>)2z,],—z,]+,
=0 =1 =1 Pidl T PigeLl h?2 B2 ij+1, 5

and A € RULANNMAL)X(N-1)M+NM-1))(L+1)+LNM) andq p ¢ REFDNM+L 416 obtained from the

constraints:
Pigi+1 — Pigl | 1 _
a + E((mﬁo.ka,j,l =mitos0) T (M5 051 — MG 05.)) =0
15) i=1,2,...,N;  j=1,2,...,M; 1=0,1,2,...,L

N M
> piga=1 1=12,...,L

i=1 j=1
and the zero flux condition is used for ghost cells: mg}&j’l = m”lj\}+0.57j7l =0and mjg s, =M 05, =
0. Then, we solve the discrete minimization problem (13) by moving from the current iterate in
the direction of the best quadratic approximation (a modified Newton’s method) subject to linear

constraints and positivity constraints on the components R of U (cfr. with [14]):
(16) UMt =U* 4 ad® , RF1 >0,

where

d* = arg min ATV f(UR) + %dTH(uk)d

(17)
s.t. Ad=0,
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where V f(u) and H (u) are the gradient and the Hessian of f(u), respectively. This is a classic quadratic
minimization problem for d in the kernel of A, subject to positivity constraints on the subset of the
variables associated to R. We solve this problem in three steps: (i) First we find an orthonormal basis
for the kernel of A, call W its matrix representation; then (ii) we write d = We for some ¢; (iii) finally,
we reformulate the minimization problem for ¢, by requiring positivity of the relevant variables. We
solve this last problem by the tried and true MATLAB function quadprog. Finally, we refer to Section
4 for the values of a in (16) that we used in practice.

2.2.3. Geodesic discretization: Multiple shooting method. The authors of [6] provided a Matlab code
on github implementing a multiple shooting approach to solve the discretized version of (7)-(8), for
both 1-d and 2-d. We have used their code in our 2-d experiments, as well as implemented our own
versions for 1-d problems.

For completeness, we next describe our discretization for p(¢,z) and v(¢,x). Let the domain X =
Y = [ag, a1] be discretized by a uniform mesh of n points with spacing dz, and let L be the number
of internal time points with spacing dt = L%rl Density values p(t;, x;) are defined on grid points and
v(t;, Ti+0.5) are defined on the grid edges.

Then, the discretized problem (8) can be formulated as:

i 1+1 — Pil Vit0.50 — Vi—0.51 | Vi+0.51 T Vi—0.5, i+1,0 — Pi—1,1
7‘)”*& Pl pia e ’-p’+’2dp’ L—0, i=1,2...,n
x T
Vi+0.5,1+1 — Vi+0.5,] Vi+1.5 — Vi—0.5 .
: =+ 005 ————————— =0, i=1,2,...,n—1
dt 1+0.5, 2z ’ ) &y )
where [ = 0,1, ..., L. For periodic boundary conditions, we then impose

P-11= Pn—-1,l » Pnt+1,l = P21, [ = O? 17 R L

Instead, zero flux condition on v(zx,t) and homogeneous Neumann conditions on p(x,t) give

U0.5,lzvn+0.5,l:0a lzovla"wL
P21 — P-1,1 Pn+1,1 — Pn—1,
: - = d -~ =0, [=0,1,...,L
2dx 2dx ’ B

Remark 2.4 (Wasserstein distance approximation). In the fluid-flow formulation, the minimum value
of (3) gives g3, (po,p1), the square of the Wasserstein distance between py and p1. To obtain this
distance when we have just the optimal map (say, by solving the Monge-Ampére PDE), one needs to
approximate the integral below

(13) i = /Q IT(x) — ] po ()

and approrimating this integral on the grid where we have solved for T'(x) renders an approximation
scheme for g%v. Of course, this is also a very inexpensive procedure once T'(xz) is known.

Remark 2.5. Ideally, the two different fluid-flow formulations that we considered, that based on (5)
and that based on (8) , should recover the same geodesic trajectory from pg to pi. However, in general,
this is mot borne out in practice, well beyond the discretization error level; e.qg., see Figure 1 for a plot
of the (sup-norm of the) difference between the two trajectories obtained by the two different methods.
This discrepancy highlights the need to make sure that the assumptions underlying validity of different
formulations are satisfied.
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0.25

—dx=1/16
—dx=1/32
dx =1/64

0.2

015

Error

FIGURE 1. Sup-norm of the difference on the grid between p(¢,x) obtained by the
techniques based on (6) (with 3 = 107%) and (7) on Problem 4.2.

2.3. Hybrid technique: From v(0,z) to the full geodesic evolution. One more method with
which we have experimented rests on a very natural idea. Suppose we are able, for example by
exploiting separability (see Section 3 and especially Section 3.3.1), to obtain the initial velocity v(0, x)
in the fluid-flow formulation. Then, we can approximate the geodesic by solving the PDE system (7),
with no need to iterate to find the correct initial velocity. The resulting hybrid method allows to obtain
the full evolution of the density without the need to solve a nonlinear problem to get the correct initial
velocity. For example, the density evolution of Figure 5 was obtained using this hybrid technique,
with the initial velocity obtained from the approach in Section 3.3.1. In principle, for as long as the
conditions relating the optimal map 7' to the initial velocity v(0, ) hold, namely T'(z) = x + v(0, x),
then one may obtain the initial velocity also from the solution of the Monge-Ampére PDE, that is
from T'; the advantage of this point of view is that it applies even if the problem is not separable.

3. SEPARABLE CLASS OF OT PROBLEMS

As it turns out, many of the problems that arise in the study of optimal transport are of a special
type, which we will call separable, in analogy to the technique of separation of variables commonly
performed for PDEs. To witness, examples of separable problems are in the works [6,9,14], and in
fact the common case of Gaussian distributions pg and p; with diagonal covariance matrices (or with
covariance matrices simultaneously diagonalizable), as well as the case of uniform distribution, are all
separable. Below, for these separable problems we will give some new theoretical results and devise
much more accurate and efficient versions of the previously examined numerical techniques, specifically
for the solution of the Monge-Ampére PDE. By contrast, in the above cited works, the separability of

the OT problems was neither recognized nor exploited.
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3.1. Separation Process. We describe the process on rectangular domains, but with minimal changes

everything carries over to R? or TP. Let the rectangular domains of pg(z) and pi(y) be X =
[ag, a1] X [bo, b1] and Y = [, c1] % [Bo, B1]-

Definition 3.1. We say that the pair of positive probability densities py and p1 is a separable pair of
densities on X, respectively Y, if

(19) po(z) = Ri(z1)Ra(x2), € X, p1(y) = S1(y1)S2(y2), y €Y.

Equivalently, we will just say that py and p1 are separable.

Lemma 3.2. Let py and p1 be a separable pair of densities as in Definition 3.1. Then, we can always

assume that

a bl
Ri(x1) > 0, / Ri(x1)dxy =1, Ra(z2) >0, / Ro(x9)dxe =1,
ag bO
(20) B1
S1(y1) > / Si(y1)dyr =1, Sa(yz2) >0, Sa(y2)dya = 1.
Bo

Proof. The claim follows from the fact that po(x1,z2) and pi(y1,y2) are probability densities and

therefore:

bl al bl
1 :/ / po(x1, x2)dr1dzy :/ / Ri(x1)Ra(xe)dz1dxy = / —Rl (z1)Ra(x2)dx1dzs
bo bo Jao

- /: /a :1 le(ggl)%Rz(m)dagld@ - [ / le(xl)d:cl} [ / " ;Rg(xg)dxg]

B1 B1 B oy
1 :/ / p1(y1, y2)dy1dys =/ 51(y1)52(y2)dy1dy2 / / *51 (y1)S2(y2)dy1dyo
Bo Jao B o Bo

0

B1 poa g a1
1 —/ / - S1(y1)nS2(y2)dyrdyz = [/ 51(y1)dy1} [/ nSQ(yz)dyz}
0 Qo Bo

for some constants m and n. Therefore, we can always renormalize R, Rs,S1 and Ss, as stated in
(20). O

Next, we look at the implication of having separable densities on the two formulation considered in

this work: the Monge Ampére PDE and the Benamou-Brenier formulation.

3.2. Separable Monge-Ampére. Recall that, on the rectangular domains X and Y, we need to

solve the following problem for positive pg and p1:

2 __mle)
det (D*u(@)) = G o))

(21) Uy, (@0, x2) = g, Va2 € [bo, b1], Uy, (a1,22) = a1, Vg € [bo, bi],

Uy (21, b0) = Bo, Va1 € [0, a1], ugz, (x1,b1) = P1, Va2 € [ag, a1],

and that the solution u(z) is unique, up to a constant.

Theorem 3.3. Let pg and py be separable densities as in Definition 3.1. Then, the 2-d Monge-Ampére
problem (21) can be reduced to the two 1-d Monge-Ampére problems (22).
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Proof. Since the densities are separable, we seek a solution of (21) of the form u(z) = uq(x1) + ua(z2).
If so, the BCs in (21) rewrite as

uy(ag) = ao, wyar) = a1, uy(bo) = Bo, us(br) = Bi.
The differential part of (21) rewrites as

R1 (xl)RQ(SUQ)
Ty (uy (1)) To (uy(22))

0(T1, T2
det(D2u(x1,m2)) = Ugyzy Ugozy — uilm = M > uf(x1)ufy(xe) =

1 (um ’ UCL‘Q)

which we can formally rewrite as

uf(21)S1(uy (21)) Ry(z2)
Ry(z1) uy (22) Sz (us(22))

where ¢ is some constant (this is because the left, respectively right, hand sides above is a function

=c#0

only of x1, respectively of x3), and Ry, R, S1,S2, are normalized as in Lemma 3.2. By selecting the

constant ¢ = 1, we get

Ry (1) " Ry (x2)
uq (x s, Ug(12) = 7 -
= 5w E@y 4 " S
As a result, we obtain the two 1-d Monge-Ampere equations:

Si(uy(z1))uy(x1) = Ri(z1), wuj(ao) = oo, wi(a1) =
So(uh(w2))us (x2) = Ra(z), uh(bo) = Bo, us(br) = Bi.

In conclusion, we can take the solution u(x) of (21) given by the representation u(x) = uj (1) +ua(z2)

(22)

with u; and us satisfying (22). O

Corollary 3.4. Under the conditions of Theorem 3.3, the unique optimal map T(z) = Vu(z) rewrites

_ |wa(z1)
UQ/<$2)
Moreover, the Wasserstein distances enjoy a separability result as well:

(24) g2 (po, p1) = g (R1, 1) + gy (Ra, Sa)

as

(23) T(z) =

where uy and ug solve (22).

Proof. The rewriting (23) is immediate from Theorem 3.3. The result on the Wasserstein distance

comes from the following reasoning. We have

/nx— )20z dx—/ /
r1=ag Jxro= bo

= / / . T1 131))2 + (132 — Tz(l‘2))2] Rl(l‘l)RQ($2)d$1dZE2

T (z1)

||2 R1 (:Ul)RQ (:L‘g)dl‘gdl‘l
Tro — (:L'Q)

by
:/ RQ(%‘Q)dZCQ(.%l Tl(xl)) Rl(xl dZEl —l—/ / R1 l‘l)diﬁl(l‘g — TQ(.%'Q)) R2($2)d$2
ag bo

a1 b1
= / (xl — Tl(xl))le(xl)dxl —l—/l; (1‘2 — Tz($2))2R2<1‘2)d1‘2

and the result follows. OJ
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Remark 3.5. The result on separability of the Wasserstein distance is consistent with the result
in [15], where the authors consider a restricted class of separable densities and in [15, Proposition 5]
provide separability result for the “Wasserstein Information Matriz”, and further in [15, Equation (2)]

relate the Wasserstein distance to the Wasserstein Information Matriz.

We reiterate that when the domains of pg and p; are rectangles, and the probability densities form
a separable pair, it is possible to simplify the task of solving the original 2-d Monge-Ampére problem
by solving two 1-d problems.

We refer to the Appendix at the end of the present paper for a result showing that (22) is well
posed in the sense of Hadamard. This will imply that it must be possible to devise robust numerical
methods for its solution, and hence for solving the Monge-Ampére equation (21) relative to separable

densities.

3.3. Separable Densities with Benamou-Brenier Formulation. Here we discuss the impact of

having a separable density pair with respect to the Benamou-Brenier formulation (3).

Definition 3.6. We say that the velocity field v(t,z) in (3) is separable if it has the form v(t,z) =

[Ul (t, 1'1)

V2 (t7 .Z'Q)
as product of 1-d densities: p(t,x) = Ry(t,x1)Ra(t, x2).

] for all (t,x1,x2). Similarly, we say that the density p(t,z) is separable if it can be written

Lemma 3.7. Let pg and p1 be separable densities as in Definition 3.1. Then, the velocity field at

t =0, v°(z) = v(0,2), is separable.

Proof. This is a consequence of the relation between the optimal map T'(z1, z2) and the velocity field

0
T($1,$2) - o +’U(O’{I;1’x2) f— x1 + Ul( 7x17x2)
2 2 (0,21, 72)

Therefore, as a consequence of Corollary 3.4, the initial velocity field is separable:

v <x1>] |

0
1
e

v(t, z1,x2):

O

Theorem 3.8. Let pg and p1 be separable densities as in Definition 3.1. Consider the formulation

(%] (t, .Tl)] '

(8) of the OT problem. Then, the velocity field is separable for all t € [0,1]: v(t,x) = [ (t, 22)
V2(l, T2

Proof. Using the Benamou-Brenier formulation (8) the velocity field can be found by solving the PDE

ou(t, x) 1 9
2 - = 0.
(25) B2) VGl =0
Writing
v(t,x1,x0) = vi(t, 21, 72) ,
va(t, 21, 72)

(25) can be explicitly rewritten as

vy (t,x1, vy (t,71, Ova(t,x1,
( Ul(aﬁl m) n ( vl(a:fll xQ*)Ul(t,ivl,@) + LQ(&ZI IQ)UZ(t>1’17332)> —0

Ova (t,x1,72) vy (t,z1,22) Ova (t,z1,22)
o Tvl(t,ﬂfl,$2) + T“Z(t,xl,$2)
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Now, from Lemma 3.7 we know that the velocity field is separable at ¢ = 0: v(0,z1,x2) =

But then, the evolution in time of v will preserve this property. This is a consequence of the fact that
the derivative at ¢ = 0 of v(t, z) is separable. In fact, from (25) one has that

v (va X ) v (0,.77 , T )
|:aa’l)(t7$1’x2):| — <18:l:112r01 (07'7:17332) + 2830112112(0,.%17.’132))
t=0

ov1(0,z1,z Ov2(0,21,x
1(8121 2)Ul<07‘r1’$2)+ 2(89621 2)112(0,1‘1,1'2)

that is, using Lemma 3.7:

and thus

9

suilt,z) _ [(Opvi(t 21))or(t, 1)
(26) (gtm(t,:m)) B ((8$2v2(t,x2))v2(t,x2)> '

Remark 3.9. [Is p(t, ) separable?] Under the same conditions of Theorem 3.8, it is unclear whether

0

the probability density p(t,x1,x2) is separable for all t, even when at times t = 0 and t = 1 one has
a separable pair. That is, if p(0,x1,22) = Ri(z1)Ra(z2) and p(1,x1,22) = Si(x1)S2(z2), can we
conclude that p(t,z1,x2) = Ri(t,x1)Ra(t,x2) for all t € (0,1)? In general, this is not clear to us.
However, we point out that in order for it to be true then one would need the following to hold (using
Theorem 3.8)

gRl(t,xl) + g(’Ul(?f, xl)Rl(t,xl)) =0

(27) o o
aRQ(t,xQ) + %(’UQ(ta $2)R2(t,$2)) = 0

along with the velocity equations from (26). Below, we give some evidence that this fact does not hold,
by comparing the solutions obtained by assuming that p is separable, and using (27), versus solving
the problem for p(t,z) without assuming separability of p explicitly. As it can be seen from Figure 2,

it appears that the density p(t,x) is not separable, in general.

3.3.1. Fluid-flow, optimal map, separability. In spite of Remark 3.9, it is still possible to take advantage
of separability when using the fluid-flow formulation. In fact, from separability of the Monge-Ampére
T1 (.Tl)
Tg (.%'2)
the optimal map for the transport from the 1-d density R; to S (respectively, Ro to S2). Then, one

problem, we know that the optimal T'(x) rewrites as T'(z) = , where T (respectively T3) is

approach is to use the fluid-flow formulation (in either form (5) or (8)) to perform the 1-d transfers
v1(0, z1)

v2(0, 72
integrate directly for the density evolution, for example integrating (7), but also to approximate the

from R; to S7 and from Rs to Se to obtain the initial velocity . This can then be used to

optimal map (for as long as the conditions leading to the equality below hold)

Tl(ﬂfl) $1+Ul(0a$1)
TQ(.Z’Q) T2 + ’1)2(0, $2)

T(z) =
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FIGURE 2. Checking separability of p(t,z) on Problem 4.8. Sup-norm of the difference
on the grid, at different times, between the solutions obtained pretending that p is
separable, and using (27), and p(¢, ) obtained by multiple shooting without assuming

separability of p; here, dx = %

We used this approach to approximate the optimal map on all separable 2-d problems in Section 4

when using the methods (6) or (8) based on the fluid-flow formulation, that is solving 1-d problems.
Finally, motivated by the previous discussion on separability, we conclude this Section with some

results on the numerical discretization of the 1-d Monge Ampére PDE and on the impact of periodic

boundary conditions, also in this 1-d case.

3.4. Numerical Solution of 1-d Monge Ampére. As we saw before, the Monge-Ampére equation

in 1-d reduces to solving the two-point boundary value problem:
p1(y(2))y'(z) = po(z)

28] Y@=, ¥ =5

where y(z) = u/(z) and

b B
[ miade= [ oty =1
po(x) > 0,Vz € [a,b] and pi(y) >0, Vyeo,f].

Then one approach to solve this problem is to use the analytical form of the exact solution; see [23,
Theorem 2.5], which requires computing cumulative distribution functions after performing separation
of variables. A more practical way to solve (28), and the one we adopted in this work, is to discretize by
a Runge-Kutta (RK) scheme the scalar ODE (28) with only the initial condition y'(a) = «. This way
we can recover the terminal condition y/(b) = /8 to any desired accuracy. In our numerical experiments
we have used the classical RK4 method to solve (28) as an initial value problem from a to b with a

fixed stepsize h = ]Ii,:_“l Finally, since we are using RK4, we enforce the normalization of the values




Continuous optimal transport techniques 17

of po(x;) in the following way:
N

let v= %Z[Po(iﬂi) +4po(zi + h/2) + po(zit1)]
=0

|
then renormalize py = ;po(azi) .

With the above normalization, the final value yy,1 will be accurate to 3 at O(h*).

3.5. Optimal map on 1-d torus. For one-dimensional MA problem on the torus, the correct for-
mulation now seeks a convex function of the form 22/2 — u (see (10)), and the optimal map will be of
the form

T(z) =z —u'(x)
where u satisfies
29 () = PO ) = 1),
(29) (@) = P a0 = )
for z € [0,1], mod 1.
To solve (29), we exploit the fact that the solution is unique only up to a constant and so we fix
the value u(0) = 0, and rewrite (29) as the second-order two-point boundary value problem:

L= (@) = 5y

(30) w(0)=0, u(l)=0.

For solving (30) we used a single shooting method, by integrating the initial value problem with initial
data u(0) = 0, u/(0) = s, and seeking (via Newton’s method) the correct initial velocity «'(0) so that
at the end point we get u(1) = 0. This is a standard approach, and in our implementation we carried
out the numerical integration of the initial value problem with RK4.

Remark 3.10. A major simplification, allowing to bypass using single shooting and Newton’s method,
occurs when p1(y) is uniform (i.e. p1(y) = 1). This is because (30) rewrites as a first-order scalar
initial value problem by letting y(x) = u/(x):

1
(31) 1=y @) = mia) . 9(0)= [ Ro(s)ds—3

where Ry(x) is the cumulative distribution function of po(x):

Ry(z) = /095 po(s)ds .

It is simple to justify the initial condition for y(x) in (31) as follows. Rewrite
W(z)=1-po(z) = v(z)==x —/ po(s)ds + u'(0)
0

= u(x) = %xQ — /OI Ro(s)ds + zu/(0) + u(0).

So, enforcing periodicity condition u(0) = u(1) gives u'(0) = fol R(s)ds — 3.
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4. COMPUTATIONAL EXAMPLES AND NUMERICAL RESULTS

In this section we will provide the set of problems which we have used to test accuracy and overall
performance of our implementation for the numerical methods previously presented. Whenever we
have an expression for the optimal map, we will report on the error in approximating it. Likewise,
we will report on the value we obtain for the approximation of the Wasserstein distance gy (po, p1),
by using the three different approaches we implemented: when solving the Monge-Ampére problem,
gw is approximated by (18) as outlined in Remark 2.4, for the fluid-flow implementation of (6) it is
approximated by the square root of the value in (6), and for the approach based on the geodesic we
take the square root of the value in (9).

For all implementations requiring to solve a nonlinear system, we iterated until either the update

in norm was less than a preassigned value TOL, or we exceeded maxit iterations.

4.1. Problems and Results in 1D. Below, X = [a,b] and Y = [a, (] are the domains of the two
densities po(z) and p1(y).

For these problems, we either have the explicit formula for the optimal map, or we can obtain it
implicitly as follows. Since p1(y)dy = po(z)dzx, then we get [Y p1(y)dy = [ po(x)dx or Ri(y) = Ro(z).
So, for any given x, we find y(z) (the optimal map) as the solution of

Ri(y(x)) — Ro(w) = 0.

To find the root of this equation, we used the routine fzero of Matlab.

Example 4.1. This is a problem used to compare the numerical solution of the 1-d MA with the
solution of the Benamou-Brenier formulation (6). The formulation (7) does not apply here, since the
implied BCs do not hold. The densities are linear, and the map can be found easily. We have

2z +1 ()_3—2y
) y P1\Y) = D)

X=Y-= [07 1}7 00(55) =
and the optimal transport map is

T(@) = 23— Vo —dz — 42?) .

2
As it can be seen from Table 3, solving the system (13), and exploiting the RK integration for the

1-d Monge-Ampére solution, we recover first and the fourth orders of convergence for the respective
methods, as expected. In addition, the execution time of RK4 is very short. Multiple shooting
method outputs small error too, which is comparable with Regularized Benamou-Brenier method’s
error. However, it does not show desired order of convergence. In fairness, Example 4.1 is not one

where we expected the method based on (8) to work well, since the implied no-flux BCs do not hold.

Example 4.2. This is a map from a Gaussian to a two-bumps Gaussian. We have
X =Y =[0.1], pole) = exe ™0 py(y) = oo NWOB 4 (~00-0757)
where ¢1 and ¢y are normalization constants.

Table 4 shows numerical results for this example. No method performs well for this problem, and

the main culprit appears to be the fact that p; is near 0 at the endpoints.
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Regularized Benamou-Brenier

dt =4, =107, a = 0.5, TOL = 10~%, maxit = 40

Multiple Shooting

dt = 1&g, At = & TOL = 10'2, maxit = 20

1-d MA: Explicit RK-4

dx | Map Error | gw(po,p1) | Time | Newton Map Error | gw(po,p1) | Time | Newton || Map Error | gw(po,p1) Time

5 [ 360221072 | 2.0241 %1071 | 4.28 26 7.0847 %1072 | 2.0644 + 1071 | 2.36 5 2.4340 % 107° | 1.7951 1071 | 6.11 1073
3 | 2.0514 %1072 | 1.9079 107" | 19.9 26 5.7057 « 1072 | 1.9231 107" | 4.21 5 2.0546 + 1076 | 1.7953 x 107" | 1.69 x 1073
o1 [ 11055 %1072 | 1.8512% 107" | 117 26 5.0202 1072 | 1.8529 % 107! | 14.1 5 147171077 | 1.7953 % 107 | 1.69 % 1073
5 || 5-7552% 1073 | 1.8232% 107! | 760 26 4.6811%1072 | 1.8182% 107" | 248 5 9.7792 %1079 | 1.7953 % 107! | 9.05+ 10~*

TABLE 3. Numerical Results for Example 4.1

Regularized Benamou-Brenier

dt =4, 8=107 a=0.5,TOL = 1075, maxit = 40

Multiple Shooting

dt = 1k, At =2 TOL = 10712, maxit = 20

1-d MA: Explicit RK-4

dx || Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw(po,p1) Time

75 || 24776 %1072 | 6.3886 % 1072 | 6.61 26 3.1463 1072 | 6.6372 % 1072 | 2.51 5 1.7424 % 102 20.261 3.40 %1072
3 [ 21508 %1072 | 6.2688 x 1072 | 27.6 27 3.4132% 1072 | 6.5357 x 1072 | 4.28 5 6.8561 x 10* 54739 | 2.87x 1072
& [ 15208 %1072 | 6.2503 « 1072 | 143 27 3.1703 %1072 | 6.5075+ 1072 | 16.5 6 1.5420 % 1073 | 6.2603 1072 | 6.00 x 10~2
s || 11248 %1072 | 6.2494 % 1072 | 939 27 3.2718 %1072 | 6.5012 % 1072 | 308 6 9.5382 %1074 | 6.2678 ¥ 1072 | 1.02 ¥ 10~*

Ficure 3. Evolution of probability density in Example 4.2 with dz =

TABLE 4. Numerical Results for Example 4.2

the regularized Benamou-Brenier method

Example 4.3. Here we have nonuniform periodic densities

X=Y=[0,1]

mod 1, po(x)

1
=1— —cos

32

é, solved with

@ﬂx+&@)pﬂw=1—é%md%m.

19
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As it can be seen from Table 5, all three methods exhibit expected order of convergence for the
map. However, the regularized Benamou-Brenier method show some instability at z = 1 for the density
evolution, see Figure 4. This is because this method assumes zero flux condition at the boundaries,
and this condition is violated for periodic problems. For the discretization of the geodesic equation,

we used the scheme in Section 2.2.3, and single shooting proved adequate on this problem.

Regularized Benamou-Brenier Multiple Shooting 1-d MA: Shooting Method with RK-4
dt = 5. =107 a = 0.5, TOL = 10~%, maxit = 40 dt = 135, At = dt, TOL = 107°, maxit = 10 TOL = 10712
dx | Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) Time Newton | Map Error | gw(po,p1) Time
& | 151271073 | 7.7011 % 107% | 3.96 19 FAIL (Singular Jacobian) 9.7941 % 1078 | 7.0329 % 103 1.0595
& | 865425 107* | 7.3647 % 107% | 15.6 19 1.4069 1.3346 1.44 %1072 9 6.0470 % 1079 | 7.0329 1073 1.4939
2 [ 459421074 | 71982 1073 | 93.5 19 6.1075 % 1072 | 5.9121 % 1072 | 2.40 x 102 4 3.7646 % 10710 | 7.0329 1073 | 1.9254
5 | 23887 %1071 | 7.1154 1073 | 559 19 3.4884 1073 | 7.7983 % 1072 | 8.18 % 1072 4 2421610711 | 7.0329% 1073 | 1.6242

TABLE 5. Numerical Results for Example 4.3

101

ptx)
ptx)

0.99 -

0.98

(A) Regularized Benamou-Brenier Method (B) Multiple Shooting Method
FI1GURE 4. Evolution of probability density in Example 4.3 with dx = ﬁ

Example 4.4. This is Example 4.4 of [6]. We have
X=Y =02, pola) =

where ¢ is the normalization constant.

Table 6 shows numerical results for this Example 4.4. Similar to Example 4.2, the explicit RK4
method to solve the Monge-Ampére problem initially gives large error but it eventually shows a
fourth order decrease in the error as dx gets smaller. Neither of the Benamou-Brenier methods show
convergence. The most likely reasons for this fact are that p; is nearly 0 near the end-points, and for
the method based on the formulation of Section 2.1.3 the truncation from the infinite domain does

not hold for a constant density.
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Regularized Benamou-Brenier Multiple Shooting
1-d MA: Explicit RK-4
dt =4, =107, a =0.5, TOL = 10~%, maxit =40 dt = &, At = & T0L = 10712, maxit = 20

dx Map Error | gw(po,p1) | Time | Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw (po,p1) Time
0.1 || 4.2075% 107" | 1.6099 x 107" | 11.3 30 3.1705+ 107" | 5.9022+ 107! | 3.74 8 9.8686 + 10! | 5.6616 % 10! | 5.8265 1072
0.05 || 4.8934 % 1071 | 1.5549 % 1071 | 52.7 30 43462+ 107" | 5.9402+ 1071 | 2.76 8 9.7865 + 101 | 5.5880 % 10! | 4.5646 1072
0.025 || 5.6196 107! | 1.5288 x 10~1 | 318 31 5.7931 % 107! | 5.9005 107! | 7.84 9 2.7722 1072 | 4.3975 + 1071 | 8.4420 1072
0.0125 || 6.1689 % 107! | 1.5163 x 1071 | 2052 30 6.4925 % 1071 | 5.8709 x 107! | 33.4 11 2.4734 %1072 | 4.4027 1071 | 1.6293 % 10~*
0.00625 FAIL (Out of Time) FAIL (Singular Jacobian) 1.2359 % 1073 | 4.4021 % 1071 | 3.2514 % 1071

TABLE 6. Numerical Results for Example 4.4

4.2. Problems and Results for Separable 2D Examples. These are all separable 2-d problems.
For all of these, we either have the exact optimal map, or can compute using the technique outlined

at the beginning of Section 4.1.

Example 4.5. This is similar to Example 4.1, and here the formulation (7) does not hold, since the
implied BCs do not hold. We have
1 1
X=Y=[0,1x[-1,1], polz) = 52z +1)(z2+3)], p1(y) = 513 —2y1)(3 — p2)]

and the optimal transport map is

1 2
s(3—+/9—4z1 — 4
T(ZBl,l’Q) _ 2( Tl xl)

3— 11—6x2—x§

Table 7 shows numerical results for this example. Since Example 4.5 can be reformulated as two 1D
problems, which are similar to Example 4.1, the Regularized Benamou-Brenier and RK4 algorithms
give first and fourth orders of convergence for the optimal map, respectively. Surprisingly, we see

decrease in error for the multiple shooting method, but not of the nominal order of 1.

Regularized Benamou-Brenier Multiple Shooting
Two 1-d MA: Explicit RK-4

dt =35, B=10"% o =0.5, TOL = 105, maxit =40 || dt = k5, At = &, TOL = 10~'2, maxit = 20

dz | Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw (po,p1) Time

T || 47120 %1072 | 5.1595 % 1072 | 8.26 26, 25] 7.0847 1072 | 5.3654 % 1072 | 6.58 [5,5] || 2.4340 % 107° | 4.3364 + 1072 | 5.01 1073
& [ 237481072 | 4.7455 % 1072 | 34.8 26, 25] 5.7057 + 1072 | 4.8140 + 1072 | 17.9 [5,5] || 2.0546« 107¢ | 4.3368 + 1072 | 3.81 % 1073
& [ 119541072 | 45355 « 1072 | 215 26, 25] 5.0202 1072 | 4.5506 + 1072 | 273 [5,5] || 1.4717 %1077 | 4.3368 « 1072 | 1.49 x 102
5 || 7-3160 % 1073 | 4.4313 %1072 | 1350 26, 25 FAIL (Out of Memory) 9.7792 % 1079 | 4.3368 x 1072 | 5.88 % 1073

TABLE 7. Numerical Results for Example 4.5

Example 4.6. This is an instance of a mapping of a Gaussian to uniform distribution. This example
was also used in [14] and [6], but separability was not exploited in these works. We have

X =Y =[0,12 po(a) = polx) = coe @02 +@=0T7] 1 (4 ) = 1,
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where cq is the normalization constant so that [ x podx = 1. The optimal transport map is

2
el 0961 e—2(s—0.25)% 1 1
B B 2 c1 = Cy = .
ey 72 e 26075 g | fol o—2(s—0.25)2 g’ fol e—2(s=0.75)% g

T($1, $2) =

As it can be seen from Table 8, in Example 4.6 all three numerical methods show decrease in
optimal map’s error as dx gets smaller. However, once again only Regularized Benamou-Brenier and
Runge-Kutta methods show the order. Notice that Regularized Benamou-Brenier algorithm does not
have linear decrease in the last row, which can be indicating that one needs to decrease dt and/or (3
values to get better convergence.

Regularized Benamou-Brenier Multiple Shooting
Two 1-d MA: Explicit RK-4

dt =4, 8=107% a=0.5, TOL = 10% maxit =40 | dt = 35, At =% TOL =10"'2, maxit = 20

=i A=,
dx | Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw(po,p1) Time

5 11 1.9393 %1072 | 7.8880 % 1072 | 9.31 [25, 25 3.7402 %1072 | 8.3962 % 1073 | 4.68 5, 5] 8.0319 % 1078 | 6.6608 x 1073 | 2.75 x 1072
& [ 95747 %1073 | 7.2625 x 1073 | 41.1 25, 25] 2.6983 + 1072 | 7.3999 1073 | 8.82 5, 5] 5.0100 % 107 | 6.6607 1073 | 2.48 % 1072
& [ 487431073 | 6.9575x 1073 | 237 25, 25] 2.2044 1072 | 6.9299 + 1073 | 27.3 [5,5] | 3.1351% 10710 | 6.6607 + 1073 | 4.23 x 102
5 || 3-1003 %1073 | 6.8079 % 1073 | 1501 [25, 25 1.9558 % 1072 | 6.7029 x 1073 | 517 5,5 | 1.9593 %10~ | 6.6607 « 107 | 6.87 % 102

TABLE 8. Numerical Results for Example 4.6

Example 4.7. We have
1 . 1
X =Y =T2% po(z1,z2) = (1— 3 sin(27x1))(1 — ECOS(QTF.T}Q)), p1(y1,y2) = 1,

where T? = [0, 1)? is the 2-torus. The optimal transport map is:

1+ 64% cos(2mzy)

1

T(z1,22) =
(@1,22) Ty — gz sin(2mr)

Table 9 shows numerical results for this example. For this periodic, and separable, problem, the
discretization of Section 2.2.3 outperformed the Regularized Benamou-Brenier method, and single
shooting to find the initial velocity was adequate. Nevertheless, the explicit RK4 method still gives
the best result among all three methods.

Regularized Benamou-Brenier Multiple Shooting
Two 1-d MA: Explicit RK-4

dt = 5, B=107% a = 0.5, TOL = 1075, maxit = 40 dt = 5, At = dt, TOL = 107°, maxit = 50

dz || Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw(po,p1) Time

& [ 9.7683 % 107* | 1.1674 x 107° | 8.03 [22, 17] FAIL (Singular Jacobian) 8.2517+ 1078 | 1.2368 * 107° | 1.89 % 1072
& [ 4.3948 % 107* | 1.2001 % 107° | 34.9 [24, 17] FAIL (Singular Jacobian) 5.1396 + 107 | 1.2368 + 107° | 3.86 1073
& [ 23508« 107* | 1.2181% 1077 | 207 26, 17] 4.5351 %1070 | 1.2184 % 107> | 0.13 | [10, 10] || 3.2095 10710 | 1.2368 x 107" | 3.24 1073
o | 1217241074 | 1.2270 + 107° | 1342 28, 17 1.1279% 1076 | 1.2274 % 107° | 0.17 [4,4] | 2.0054 %107 | 1.2368 * 107° | 2.69 x 1073
e FAIL (Out of Time) 7.1512 %1077 | 1.2320 % 107° | 0.45 [3,3] | 1.2537%107'2 | 1.2368 + 10° | 5.05 % 1073

TABLE 9. Numerical Results for Example 4.7
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Example 4.8. This is a problem used in [1] and in [253]. We have
X =Y =012 po(w) = ce U0 F@20% "5, () = py(y1 + 0.5 [mod 1],y + 0.5 [mod 1])
where c is the normalization constant.

As Table 10 shows, only the explicit RK4 method shows convergence with desired order. Both
Benamou-Brenier algorithms converge with small error but order is not there and give different values
for the Wasserstein distance. Figure 5 shows density evolution for this example, which was constructed

through hybrid technique and matches that reported in [1].

Regularized Benamou-Brenier Multiple Shooting
Two 1-d MA: Explicit RK-4

dt=2%,8=107% a =05 TOL = 105 maxit =40 | dt= 1k, At =% TOL =10"'2, maxit = 20

dz | Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw (po,p1) Time

& [ 42148 %1072 | 3.5447 %1072 | 115 28, 18] 1.0370 + 107! | 3.3534 + 1072 | 8.12 [6,6] || 92316+ 1072 | 2.8575% 1072 | 5.48 x 102
& [ 299341072 | 3.1972x 1072 | 59.1 [27, 27] 8.6082+ 1072 | 3.0213 1072 | 10.7 [6,6] || 1.7530 % 1072 | 2.9157 102 | 5.88 1072
& 1121585 %1072 | 3.0434 % 1072 | 327 28, 28] 7.7826 %1072 | 2.8763 x 1072 | 35.8 [7,7) || 1.9884 % 1073 | 2.9259 % 10~2 | 1.11 % 10!
5 | 210621072 | 2.9719 x 1072 | 2154 28, 28] 7.4088 % 1072 | 2.8092 x 1072 | 607 [7,7 || 1.5436 « 107* | 2.9272 % 1072 | 2.15 % 107"

TABLE 10. Numerical Results for Example 4.8

4.3. Problems and Results for Non-Separable 2D Examples. Last, we consider two non-

separable 2-d problems.
Example 4.9. We have
X =Y =[-05057? pi(y) =1
and
po(x) = <a1 + ae®5* gy +0.017 sin(mxy) sin(7r:172)>
<61 + bye®5 32y 4+ 0.017 sin(mxy) sin(m@)) —0.01%72 cos? (w1 ) cos® (mx)
ag=-1;, a1=1;, ay= —agefo'l%;bo =—1; b1=1;, b= —bye 0125,

The optimal transport map is:

ag + ai1z1 + a2eo.5x§ — 0.01 cos(mxy) sin(mxs)
b + byy + bae573 — 0.01 sin(may) cos(mas)

T(.,”Ul, :EQ) = (

Table 11 shows numerical results for Example 4.9. The Monge-Ampere discretization of Section
2.2.1 shows linear convergence to the exact map, as expected. Multiple shooting method has decrease
in error too but order is not linear. Regularized Benamou-Brenier method converges, but the error
is large and not decreasing as dx is halved. In addition, increase in computation time is significant
compared to the 1D problems. As a result, evaluations for smaller dx values did not succeed. Figure
6 illustrates density evolution for this example with dx = é, when solved with multiple shooting

method.
Example 4.10. Here we consider mapping a Gaussian to a two-bumps Gaussian. We have

X =Y =[0,12, po(z1,22) = coe l#1 =09 +(2=05)7]
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FiGure 5. Evolution of probability density for Example 4.8, solved with the multiple
shooting method, dx = 6%1. Here, we first obtained the initial velocity v(0,z) solving
by multiple shooting two 1-d problems, and then integrated in time for p and v the
system (7) using the time integrator from [6].
Regularized Benamou-Brenier Multiple Shooting 2-d Monge-Ampere (Identity)
dt = 3. =103, a=0.3, TOL = 10~%, maxit = 40 dt =4, At =4 TOL = 107%, maxit = 20 TOL = 1078, maxit = 20
dx || Map Error | gw(po,p1) | Time Newton Map Error | gw(po,p1) | Time | Newton | Map Error | gw(po,p1) | Time | Newton
i 0.12680 | 2.4279% 107 | 268 11 5.4786 % 1072 | 1.5900 x 107! | 1.74 4 51241 %1072 | 1.5014 x 10~ | 0.01 6
I 0.12823 | 1.2956 = 1073 | 4526 4 3.4618 x 1072 | 1.3876 « 1071 | 18.9 4 2.3174 %1072 | 1.3623 x 1071 | 0.02 6
5 FAIL (Out of Time) 2.4568 + 1072 | 1.2859 x 107! | 631 4 1.1108 + 1072 | 1.3017 10~ | 0.19 8
& FAIL (Out of Time) FAIL (Out of Memory) 5.4616 x 1073 | 1.2731 % 107! | 2.78 9
ﬁ FAIL (Out of Time) FAIL (Out of Memory) 2.7276 + 1073 | 1.2593 + 1071 | 78.3 17
TABLE 11. Numerical Results for Example 4.9
and

pl(ylay2) = 01[6’

~20[(y1-0.25)*+(y2=0.75)%] 4 o=20[(y1-0.75)*+(y2~0.25)])
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(D) t =0.62 (E) t=10.81 (F)t=1

FI1GURE 6. Evolution of probability density in Example 4.9 with dz = 3%, solved with

multiple shooting method.

where cy, c1 are normalization constants. Here, we do not have an expression for the optimal map.

Table 12 gives the results for this 2D example, showing that the Regularized BB method is very
costly to say the least. Figure 7 shows density evolution for this example when solved by multiple

shooting method.

Regularized Benamou-Brenier Multiple Shooting 2-d MA (Identity)

dt =3, B=10"3, &= 0.3, TOL = 10%, maxit =40 || dt = 5, At = & TOL = 1077, maxit = 20 TOL = 10~%, maxit = 20
dz | gw(po,p1) | Time Newton gw (po,p1) | Time Newton gw (po, p1) | Time | Newton
11242791072 | 420 16 1.8587 107! | 1.96 5 8.5576 + 1072 | 0.23 7
& [ 36912 % 1072 | 10956 9 1.8737+ 107" | 24.6 6 7.9610 %1072 | 0.50 6
% FAIL (Out of Time) 187171071 | 928 7 7.6449 %1072 | 1.91 6
& FAIL (Out of Time) FAIL (Out of Memory) 7.4841% 1072 | 9.17 8
o FAIL (Out of Time) FAIL (Out of Memory) 7.4034 %1072 | 81.9 12

TABLE 12. Numerical Results for Example 4.10

5. CONCLUSION

In this work, we provided a numerical study of three different methods to solve the classic OT
problem with quadratic cost, posed in 1-d or 2-d, restricting to problems posed on finite rectangular
domains (intervals in 1-d) or with periodic data, hence posed on the torus. We gave implementation
details and numerical comparison of three approaches. The first rests on solving the Monge-Ampére
PDE to target the optimal map directly; for periodic problems, our approach is standard (as it was
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(A)t=0 (B) t =0.24 (c) t =0.43

(D) t = 0.62 () t =0.86 (F) t=1

1

35, solved with

FIGURE 7. Evolution of probability density in Example 4.10 with dx =
multiple shooting method.

used already in [16]), whereas for problems posed on a rectangular domain we imposed the so-called
transport boundary conditions and followed more closely the approach of Froese in [10]. The other
two methods are different interpretations/implementations of the fluid-dynamics (Benamou-Brenier)
formulation of the problem, and target the entire time evolution of the density, p(¢, x), from initial to
final configurations. In one case, we considered an implementation which is well suited to deal with
finite domains, and we followed the regularized minimization approach of [14]. In the other case, we
followed the recent interpretation of [6] of the fluid-flow formulation as a pair of PDEs; these PDEs
are given on all of R? and their use for problems given on the torus is particularly advantageous,
whereas their use for truncated domains requires no mass escape from the boundary, which places
a potentially unwanted restriction on the problems one can handle. Further, a novel theoretical
contribution of our work has been the introduction of separable structure, which is shared by many
OT problems. Exploiting this viewpoint proved very valuable in obtaining much more efficient and
accurate techniques. Finally, we proposed a hybrid technique, whereby the “exact” initial velocity
(found by either solving the Monge-Ampére PDE via the optimal map, or by exploiting separability
and using 1-d fluid-flow problems) is fed into the time stepping scheme of [6] in order to recover the
time evolution of the density.

With similar level of sophistication in implementing the various techniques, our results show that
if one is interested in the optimal map (the Monge map), then direct solution of the Monge-Ampére
equation is the most efficient way to proceed, especially when we have, and exploit, separable structure.
For those situation where the time evolution of the density is needed (as it is the case when we want
to find the geoedesic trajectory), then the two formulations of [14] and [6] offer some advantages

with respect to each other: (i) in general, the formulation of [6] is less costly than that of [14], and
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outperforms it for periodic problems, but (ii) on a truncated domain the formulation of [14] performs

better, though it remains somewhat expensive. In the end, although one can find justification for

failure of any of the techniques we considered, in our opinion this defeats the purpose of a well designed

numerical method for solving the OT problem: one should assume that it delivers the desired result

and not wander why it does not. In this light, the hybrid technique of Section 2.3 proved to be a

simple and effective way to obtain the density evolution for separable problems, without having to

solve large nonlinear systems, and we recommend adopting it whenever applicable and the density

evolution is desired.
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APPENDIX

Consider the two-point boundary value problem (cfr. with (22))

p1(y)y" = po(x)
y(a) =a, y(b)=p

b B8
/ po(z)dz = / pr(y)dy = 1
po(z) >0, Vz€la,b], pi(y) >0, Vyé€la,pl

(32)

where

Claim. The boundary value problem (32) is well-posed in the sense of Hadamard.

Proof. The existence and uniqueness of the solution is a consequence of results for the Monge-Ampére
equation. We observe that the solution y of (32) can be expressed implicity using the cumulative
distribution functions Ro(z) = [ po(s)ds and Ri(y) = [ p1(z)dz, that is from the relation

(33) Ri(y) = Ro(z)

where Ry(a) =0, Ro(b) =1, Ri(a) =0, and R;(B) = 1.
We show the continuous dependence on the data, therefore consider four possible perturbations, in
«, in B, in pg, and in p;.

e Perturbation in «. Consider

p1(9)7 = po(x)
(34) _
gla) =a+e, gb)=4

where |¢| is small, and ff+€ p1(z)dz =1 holds. Then, the solution of (34) satisfies:

(35) [ mrz= [ misyas

+e
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From (33): [Yp1(2)dz = [ po(s)ds. As a result, it follows that:
]

o= [" nas [ mras= [ " [ - [ e
o- [ " 121z~ [ e = / " pr(2)dz = JAEE

’ ney max. |pa (2)
z)dz| < 2)dz < |e| max | = |y —g| < |e|—2240
[ < [T et < maxin(e)] = by < i 2

e Perturbation in 8. This proceeds similarly to the above. Considering

min(y,§)

p1()7 = po(x)

(36) 3 -
g(a) =a, g(b)=pB+e,

where |e] is small and [ 5 " p1(2)dz = 1 holds, one now obtains

max; |p1(2)|
min. [p1(2)] -

e Perturbation of pg(z). Now we need to consider small zero average perturbations of pg. That is, we

ly— gl < el

consider
p1()Y = po(x) +£(z)
gla) =a, g(b) =5
where f; e(s)ds = 0 and |e(x)| is small for all . The solution of (37) satisfies:
g x T
(38) / p1(2)dz = / po(s)ds +/ e(s)ds

From (33): [Y pi(z)dz = [ po(s)ds. As a result, it follows that

/jﬁl(Z)dz/aypl(Z)dz:/azs(s)ds — /ygpl(z)dz:/;g(g)ds
/y@ p1(z)dz

where min(y, 7) < 2 < max(y, 9).

(37)

=p@)y(@) - §@)] = ly() - g(=)] < |z - 'W

e Perturbation of p;(g). This is similar to the previous case. We consider small zero average pertur-
bations of p;:

[p1(5) + £@)]F = po(x)
yla) =, g(b) =p

where ff g(s)ds = 0 and |e(7)] is small for all g. The solution of (39) satisfies:

(39)

0]

(40) / ()i + [tz = [ sy
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From (33): [Yp1(2)dz = [ po(s)ds. As a result, it follows that

1(2)dz — /:7 p1(z)dz = /j e(z)dz = /gy p1(z)dz = /ay e(z)dz
<m

— By — 3@ = (@) — @) < |5 - arm;‘(')“'

r
Lo

where min(y,9) < 2 < max(y, 9).
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