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Abstract. In this paper we consider smooth orthonormal decompositions of smooth time varying
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1. Introduction. For very good reasons, orthogonal matrices (unitary in the
complex case) are the backbone of modern matrix computation. They can be com-
puted stably, and provide some of the most successful algorithmic procedures for a
number of familiar tasks: finding orthonormal bases, solving least squares problems,
eigenvalues and singular values computations, and so forth. The purpose of this
work is to consider orthogonal decompositions for matrices depending on a real pa-
rameter. Thus we consider k times continuously differentiable matrix functions, i.e.,
A ∈ Ck(R,Cm×n), k ≥ 0.

We consider a number of basic tasks, such as the QR–, Schur–, and singular
value decomposition (SVD) of A, and their block-analogues. Of course, in general,
the matrix A(t) will have, say, an SVD at each given t , but we are interested in
conditions and procedures guaranteeing that the factors involved are smooth. This
is desirable in several situations. For example, in updating techniques, perturbation
theory, continuations processes, or to compute moving frames, e.g. to an invariant
curve in space (see [4], [13], [9], [14]). A key motivation for us was provided by
techniques for computing Lyapunov exponents (e.g., see [2] or [5]), in which case A is
a solution of a linear system, in particular it is full rank for all t. (Which turns out to
be a convenient sufficient condition for some of the factorizations considered below.)

Fundamental theoretical results on decompositions of parameter dependent ma-
trices A are given in the book by Kato ([12]). There, the strongest results are obtained
in case A is real analytic and Hermitian; then, for example, it has an analytic Schur
decomposition. Similarly, Bunse-Gerstner et alia have shown that a real analytic A
admits an analytic SVD ([3]). A different technique is used by Gingold and Hsieh
in [6] to show that a real analytic (not necessarily Hermitian) matrix with only real
eigenvalues admit an analytic Schur decomposition (triangularization). However, we
do not want to require analyticity of A; many of the problems which motivated our
work arise from linearization of a differential equation around a computed trajectory,
and A may represent either the fundamental solution of the linearized problem, or
the Jacobian matrix of the vector field. Thus we are interested in the case of A being
a Ck–matrix. Unfortunately, smoothness of A does not suffice for the existence of
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smooth decompositions for it. For example, in the case of a Hermitian matrix, it is
well understood that a smooth Schur decomposition, in general, does not exist.

In this paper, we first give some (strong) sufficient conditions for smooth decom-
positions to exist. Differential equations for the factors will be given in such cases.
Seemingly, these conditions appear very restrictive. For example, for the QR factor-
ization of a matrix A one would need full rank of A; for the Schur factorization of a
symmetric matrix or the SVD of a full rank matrix, one would need simple eigenvalues
or singular values. We take three approaches to weaken our assumptions. First, we
consider block-analogues of the standard decompositions. Also in this case differential
equations are given. Second, we take a closer look at the type of singular behavior
which can occur when, for example, A loses rank, or eigenvalues coalesce; this pro-
vides weaker sufficient conditions to guarantee existence of smooth decompositions,
usually with some loss of smoothness. Third, we consider what can be expected in
the generic case.

Genericity considerations are common in dynamical systems’ study. In our con-
text, they are a way to rigorously classify which properties of matrices depending on
a real parameter are typical. The starting point is to consider the space of one pa-
rameter functions of matrices. One then endows this space with a suitable topology,
and calls a property of the topological space generic if it holds for a set which is of
second Baire category. We refer to [1] and to [11] for the needed background on the
topic. A generic property implies that we can perturb a given function not satisfy-
ing this property into one which does satisfy it. A generic statement will provide a
convenient starting point for computational approaches. For example, we will show
that, generically, Hermitian matrix functions of one variable have simple eigenval-
ues. Therefore, an appropriate starting point for computational procedures to find
smooth eigendecompositions of Hermitian matrices is to assume simple eigenvalues:
this gives the differential equations of §2. Likewise, the genericity results of §4 will le-
gitimate the differential equations’ models put forward in §2 also for QR factorization
and SVD decompositions. We believe that a merit of this paper is to have a general
framework for the relevant decompositions based on the differential equations models.
However, it is premature to say whether or not numerical solution of these differential
or differential-algebraic equations will lead to efficient algorithms of solution for the
problems under study.

A plan of the paper is as follows. In §2 we consider QR–, Schur–, and block
Schur factorizations, SVD and block SVD decompositions. In this section, differential
equations are derived for the decompositions under some nondegenericity assumptions.

In §3 we extend existence results for smooth decompositions to the case in which
some singular behavior is encountered. We consider QR factorizations for rank defi-
cient matrices and Schur/SVD decompositions in the case of coalescing eigen/singular
values.

In §4 we study how smooth the factors can be expected to be in generic cases.

2. Smooth decompositions. In this section we consider A ∈ Ck(R,Cm×n),
k ≥ 1, and we give differential equations for the decompositions of interest. The
differential equations for the QR factorization of a full rank matrix have been given
before (e.g., see [5]); also the differential equations for the SVD have already appeared
elsewhere (e.g., the earliest references of which we are aware are [8] and [16], with the
former reference only for the case of a fundamental solution matrix).

Remark 2.1. In 1965, Sibuya [15, Theorem 3 and Remark 3] established that a Ck

(k ≥ 0) matrix with disjoint groups of eigenvalues admits a Ck block–diagonalization;
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this result is the content of Remark 2.6 below. It seems possible to build on this
result of Sibuya to establish some of the other results we give in this §2. However,
the approach in [15] is not constructive and it seems hard to exploit it for devicing
computational procedures. In contrast, the differential equations models are better
exploitable to obtain computational procedures (but, of course, one needs k ≥ 1).

We will use the following simple results
Lemma 2.1. Assume that in the linear system of equations B(t)x(t) = b(t), B(t)

is invertible for all t and that B, b ∈ Ck . Then, also x ∈ Ck.

Proof. This follows from repeated differentiation of x(t) = B−1(t)b(t) , recalling
that d

dtB
−1 = −B−1ḂB−1.

Lemma 2.2. Let Q0 ∈ Cm×n be orthonormal 1. Consider the differential equation

Q̇ = S(Q, t) Q , Q(0) = Q0 ,(2.1)

where S is a m ×m–matrix function, locally Lipschitzian in Q and continuous in t.
Then (2.1) has a unique solution Q for all t. Moreover, if

Q∗
[

S(Q, t) + S(Q, t)∗
]

Q = 0 ,

for every t, then Q is orthonormal for all t.
Proof. Existence and uniqueness are standard results. (Note that the set of

orthonormal matrices is compact.) If Q is the solution of (2.1), then Q∗Q̇ + Q̇∗Q =
Q∗(S + S∗)Q = 0, i.e., Q∗Q is constant.

Remark 2.2. Quite often, we will use Lemma 2.2 in the case m = n with Q
satisfying Q̇ = Q H(Q, t), where H is a skew-Hermitian n × n matrix function (i.e.,
H∗(Q, t) = −H(Q, t)).

2.1. QR factorization. We begin by giving differential equations for the QR
factorization of a full rank matrix A ∈ Ck(R,Cm×n), m ≥ n. Suppose that A(0) =
Q(0)R(0) is a given QR factorization (i.e., Q(0) ∈ Cm×n is orthonormal, and R(0) ∈
Cn×n is upper triangular). We want to find, if possible, orthonormal Q and upper
triangular R, both in Ck, such that A(t) = Q(t)R(t). Therefore, if feasible, differen-
tiating A = QR and Q∗Q = I we get

Ȧ = Q̇R+QṘ and Q̇∗Q+Q∗Q̇ = 0 .(2.2)

Hence H := Q∗Q̇ is skew–Hermitian and from the first of (2.2) we get

Ṙ = Q∗Ȧ−Q∗Q̇R = Q∗Ȧ−HR ,
(2.3)

Q̇ = ȦR−1 −QṘR−1 = (I −QQ∗)ȦR−1 +QH .

Since Ṙ has to be upper triangular, we require

(Q∗Ȧ)i,1 = Hi,1R1,1 , i ≥ 2

(Q∗Ȧ)i,2 = Hi,1R1,2 +Hi,2R2,2 , i ≥ 3
(2.4)

...

(Q∗Ȧ)n,n−1 = Hn,1R1,n−1 +Hn,2R2,n−1 + . . .+Hn,n−1Rn−1,n−1 .

1We call Q ∈ Cm×n orthonormal, if Q∗Q = I and unitary, if further m = n.
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These are clearly solvable for Hi,j , i > j, assuming that R1,1, . . . , Rn−1,n−1 are
nonzero. Then the skew–Hermitian property defines the part above the diagonal.
Diagonal entries of H we set to purely imaginary values in such a way that the diag-
onal of Q∗Ȧ−HR becomes real2. This defines H as a smooth function of Q and R.
Rewriting the differential equation for Q as

Q̇ = [(I −QQ∗)ȦR−1Q∗ +QHQ∗]Q := S(Q, t)Q ,

since Q∗(S+S∗)Q = 0, (2.3) and Lemmata 2.1 and 2.2 give the desired result as long
as R stays invertible. On the other hand, if matrices Q and R satisfy the differential
equations (2.3), and the initial condition Q(0)R(0) = A(0), then they provide a QR
factorization of A . Thus we get:

Proposition 2.3. Any full column rank Ck–matrix has a Ck QR–decomposition.

Remark 2.3. The case in which A is a solution of a linear system, Ȧ(t) = B(t)A(t),
leads to some simplifications in formulas (2.3). In fact, Ȧ = BQR gives

Ṙ = (Q∗BQ−H)R ,
(2.5)

Q̇ = (I −QQ∗)BQ+QH .

2.2. Schur decompositions. Next, we consider differential equations for Schur
decomposition. We begin with the case of a Hermitian matrix.
(a) Diagonalization of a Hermitian matrix. Denote by C

n×n
H the set of Her-

mitian n×n matrices. Let A ∈ Ck(R,Cn×n
H ) . Suppose that a Schur decomposition

A(0) = Q(0)D(0)Q(0)∗ is given, i.e., Q(0) is unitary, and D(0) is diagonal. We
want to find –if possible– Q,D ∈ Ck, unitary and diagonal, respectively, such that
Q∗(t)A(t)Q(t) = D(t) for all t. Here we write D = diag(d1, . . . , dn). If feasible, we
must have

Ḋ = Q∗ȦQ+DQ∗Q̇+ Q̇∗QD ,

or by letting H = Q∗Q̇ , and noticing that H is skew-Hermitian, H∗ = −H , we get
the following system for D and Q:

Ḋ = Q∗ȦQ+DH −HD ,
(2.6)

Q̇ = QH .

From this it is immediate to obtain ḋi = (Q∗ȦQ)ii . Notice that (2.6) is really a
system of differential-algebraic equations (DAEs), and we wish to use the algebraic
equations (the part relative to the off diagonal entries in Ḋ) to determine H . Because
of skewness, Hii ’s have to be purely imaginary, otherwise arbitrary, e.g. zero. If the
eigenvalues of A are distinct, then we get

Hij =
(Q∗ȦQ)ij

dj − di
, i 6= j .(2.7)

So, from (2.6) and (2.7) we get the smooth Schur factorization of A if all eigenvalues
of A(t) are distinct for all t .

2With this choice of the diagonal of H we get the diagonal elements of R real if they are such
for R(0).
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Proposition 2.4. Any Hermitian Ck–matrix with simple eigenvalues is diago-

nalizable with a unitary Ck–matrix .

Under the previous assumptions, an obvious consequence of the Schur decompo-
sition of a positive definite matrix is that we can very simply obtain smooth square
roots of the matrix, once the decomposition A = QDQ∗ is at hand. It suffices to
consider square roots of the eigenvalues di.

Remark 2.4. A construction similar to the one above can be done for the eigen-
decomposition of a general matrix A ∈ Ck(R,Cn×n) with distinct eigenvalues. Now
we seek (given appropriate initial conditions V (0) and D(0)) a smooth decomposition
A(t) = V (t)D(t)V (t)−1. By letting P = V −1V̇ , we have

ḋi = (V −1ȦV )ii , i = 1, . . . , n,
(2.8)

V̇ = V P , Pij =
(V −1ȦV )ij

dj − di
, i 6= j .

The diagonal entries Pii are not uniquely determined, and we may set them to 0.
Another choice is to require the columns of V to have constant norms, which means
Re(v∗i v̇i) = 0 giving the condition

Re(v∗i vi Pii) = −
∑

j 6=i

Re(v∗i vj Pji).

Again, the factors V and D are as smooth as A.

(b) Schur decomposition of a general matrix. Let A ∈ Ck(R,Cn×n) . For
given U(0) and R(0), respectively unitary and upper triangular, such that R(0) =
U∗(0)A(0)U(0), we seek unitary U and triangular R, as smooth as A, such that
R(t) = U∗(t)A(t)U(t), for all t. If feasible, we then must have

Ṙ = U∗ȦU + U̇∗AU + U∗AU̇ = U∗ȦU + (U̇∗U)U∗AU + U∗AU(U∗U̇).

Again we set H := U∗U̇ and obtain the system

Ṙ = U∗ȦU +RH −HR ,
(2.9)

U̇ = U H .

Conditions that R is upper triangular and H∗ = −H bring this to a DAE system.
We use the strictly lower triangular part in the first equation of (2.9) to determine H
(except for its diagonal). This can be done by first finding the vector (H21, . . . , Hn1)

∗,
then (H32, . . . , Hn2)

∗, etc. up to Hn,n−1. To find these vectors one needs to solve
triangular systems which are easily seen to be nonsingular if Rii(t) 6= Rjj(t), i 6= j.
Then, by solving (2.9), we get R and U as smooth as A. The entries Hii(t) are
undetermined; we may set them to 0 (in any case, they must be purely imaginary).

Together with Remark 2.4 we get:

Proposition 2.5. Any Ck–matrix with simple eigenvalues has a Ck–Schur de-

composition and is diagonalizable with a Ck–matrix .

Clearly, the differential equation model above breaks down if some of the eigen-
values of A(t) coalesce. Besides, also for simple eigenvalues, numerical difficulties can
be expected in case two or more eigenvalues become close. In such cases, it may be
better to compute the invariant subspaces relative to a cluster of eigenvalues.
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(c) Block-Schur decomposition. Consider A ∈ Ck(R,Cn×n) . We want to find
unitary Q and block upper triangular S, as smooth as A, such that Q∗(t)A(t)Q(t) =
S(t), where S is partitioned as

S =

[

S11 S12

0 S22

]

.

We start with a given decomposition A(0) = Q(0)S(0)Q(0)∗. Assume that λ1(t), . . . ,
λn(t) ∈ Λ(A(t)) are continuous such that Λ1(t) = {λ1(t), . . . , λm(t)} and Λ2(t) =
{λm+1(t), . . . , λn(t)} are disjoint for all t and Λ(Sjj(0)) = Λj(0) , j = 1, 2 .

Differentiating the relation S = Q∗AQ and letting H := Q∗Q̇ we obtain the
system of DAE’s

Ṡ = Q∗ȦQ+ SH −HS ,

Q̇ = QH ,(2.10)

S21 = 0 , H∗ = −H .

This can be reduced to a system of DEs by eliminating the algebraic part. By rewriting
the first equation of (2.10) in block form

[

Ṡ11 Ṡ12

0 Ṡ22

]

=

[

(Q∗ȦQ)11 (Q∗ȦQ)12
(Q∗ȦQ)21 (Q∗ȦQ)22

]

+

[

S11 S12

0 S22

] [

H11 H12

−H∗
12 H22

]

−
[

H11 H12

−H∗
12 H22

] [

S11 S12

0 S22

]

,

we realize that we must have

S22H
∗
12 −H∗

12S11 = (Q∗ȦQ)21 .(2.11)

Thus,H12 ∈ Cm×(n−m) is the unique solution of (2.11), since S11 and S22 have no com-
mon eigenvalue (e.g., see [7]). The blocks H11 and H22 are not uniquely determined,
and we may set them both to 0 (in any case, they must be skew-Hermitian). Thus,

taking H =
[

0
−H12

−H∗

12
0

]

, and the differential equations (2.10) for Q, S11, S12, S22

we obtain the desired result.
The above procedure immediately generalizes to a block-Schur factorization in p

blocks. That is, one seeks the factorization where S is partitioned as

S =









S11 S12 . . . S1p

0 S22 . . . S2p

. . .
...

0 0 Spp









,(2.12)

and each diagonal block is a square matrix. With obvious notation, block-partitioning
H = Q∗Q̇ conformally to S, and assuming that Λ(Sii(t))∩Λ(Sjj(t)) = ∅ for all t and
i 6= j, we obtain H by solving the system for the Hji:

p
∑

k=i

SikH
∗
jk −

j
∑

k=1

H∗
kiSkj = (Q∗ȦQ)ij

(2.13)
j = 1, . . . , p− 1, i = j + 1, . . . , p .
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The blocks Hii are not uniquely determined and we may set them to 0. In summary,
we have:

Proposition 2.6. Any Ck–matrix with disjoint groups of eigenvalues has a Ck–

block Schur decomposition, the blocks corresponding to these groups.

Remark 2.5. From the practical point of view, the strongest assumption we made
is that the initial decomposition determines a correct blocking for all t.

In case A is Hermitian, the above block-Schur decomposition gives a block di-
agonal form. Then (2.13) becomes SiiH

∗
ji −H∗

jiSjj = (Q∗ȦQ)ij , i 6= j. Here, since
the initial conditions for Sii are Hermitian, we will have Sii(t) Hermitian for all t, for
every skew–Hermitian Hii, because Ṡii = (Q∗ȦQ)ii + SiiHii −HiiSii.

Remark 2.6. Of course, a block diagonalization of general matrices can also be
envisioned similarly to our previous Remark 2.4, and see also [15]. That is, if feasible,

we now seek block-diagonal D =





D1

. . .

Dp



 and invertible V , both as smooth

as A, such that A(t) = V (t)D(t)V −1(t). Differentiating this, letting P = V −1V̇ , and
partitioning P conformally to D, we get

Ḋi = (V −1ȦV )ii +DiPii − PiiDi , i = 1, . . . , p ,

0 = (V −1ȦV )ij +DiPij − PijDj , i 6= j ,(2.14)

V̇ = V P .

If Λ(Di(t)) ∩ Λ(Dj(t)) = ∅ , i 6= j, the second of these equations can be solved for
the Pij . Pii are not uniquely determined, and we may set them to 0, or to require
V ∗

i Vi to be constant, where [V1 . . . Vp] is the partitioning of V in column blocks. This
amounts to

PiiV
∗
i Vi + V ∗

i ViPii = −
∑

i6=j

(P ∗
jiV

∗
j Vi + V ∗

i VjPji) ,

which is uniquely solvable for Pii , since Vi has full rank.

2.3. Singular value decompositions. Next we consider the SVD of a matrix.
Again, we also consider block analogs.
(a) Smooth SVD. This has been recently considered in [3] and [16] in the analytic
case. We have a matrix A ∈ Ck(R,Cm×n), m ≥ n , and look for Ck unitary U

and V , and real “diagonal” Σ such that A(t) = U(t)Σ(t)V ∗(t). Here Σ =
[

S
0

]

,

S = diag(σ1, . . . , σn). We assume that 0 6= σi(t) 6= σj(t), i 6= j, for all t. Let an
initial SVD: A(0) = U(0)Σ(0)V ∗(0) be given. Differential equations for the factors
are derived as follows. From A = UΣV ∗, we get

U∗ȦV = (U∗U̇)Σ + Σ̇ + Σ (V̇ ∗V ) .

Let us set

H := U∗U̇ ∈ C
m×m , K := V ∗V̇ ∈ C

n×n ,

both of which are skew–Hermitian. Therefore, we obtain the system of DAEs

Σ̇ = U∗ȦV −HΣ + ΣK ,

U̇ = UH ,(2.15)

V̇ = V K ,
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with the requirement that Σ is real and diagonal. We proceed to eliminate the alge-
braic part, thereby reducing the above to a system of DEs. First we notice that the
equations for the singular values are all decoupled:

σ̇i = (U∗ȦV )ii −Hiiσi + σiKii , i = 1, . . . , n .

Next, consider the algebraic part of the first equation in (2.15). For i 6= j, i, j =
1, . . . , n we must have

0 = (U∗ȦV )ij −Hijσj + σiKij

0 = (U∗ȦV )ji −Hjiσi + σjKji ,

from which – using skewness of H and K – we get

Hij =
σj(U

∗ȦV )ij + σi(U
∗ȦV )ji

σ2
j − σ2

i

Kij =
σj(U

∗ȦV )ji + σi(U
∗ȦV )ij

σ2
j − σ2

i

i, j = 1, . . . , n, i 6= j . Also, it is easy to obtain

Hij = −H̄ji =
(U∗ȦV )ij

σj
, i = n+ 1, . . . ,m, j = 1, . . . , n .(2.16)

For σ̇i to be real the diagonal elements of H and K need to satisfy:

(Hii −Kii) = Im((U∗ȦV )ii)/σi .

We can choose, e.g., Kii = 0, which then determines Hii .
Finally, the bottom right (m−n)×(m−n) block of H is not determined; one may

thus set it to 0 (or any other skew matrix). These give the desired result:
Proposition 2.7. Any full column rank Ck–matrix with distinct singular values

has a Ck singular value decomposition.

In case A is the solution of a linear system: Ȧ(t) = B(t)A(t) with A(0) full rank,
the above formulas simplify by Ȧ = BUΣV ∗ . The details are easy and one obtains

σ̇i = (U∗BU)iiσi −Hiiσi + σiKii , i = 1, . . . , n

Hij =
σ2

j (U∗BU)ij + σ2
i (U∗BU)ji

σ2
j − σ2

i

, i, j = 1, . . . , n, i 6= j

Hij = (U∗BU)ij , i = n+ 1, . . . ,m, j = 1, . . . , n

Kij = σiσj
(U∗BU)ji + (U∗BU)ij

σ2
j − σ2

i

, i, j = 1, . . . , n, i 6= j .

It should be noticed that the matrix V does not need to be computed if only infor-
mation on the singular values is desired.

Remark 2.7. It should be clear that the U and V factors of the SVD of A are
nothing but unitary Schur factors of the positive semidefinite matrices AA∗ and A∗A,
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respectively. As usual, we can think of the square part of the Σ matrix as a square
root of the block diagonal matrix V ∗(A∗A)V .
(b) Block-SVD decomposition. Consider next a full rank matrixA ∈ Ck(R,Cm×n).
We want to find unitary U, V , and “block-diagonal” Σ, as smooth as A, such that
U∗(t)A(t)V (t) = Σ(t). Here Σ(t) is partitioned as

Σ =





S1 0
0 S2

0 0



 ,

where S1, S2 are Hermitian positive definite matrices. We assume that the (positive)
singular values of A can be arranged into two disjoint groups, like the eigenvalues
in the block Schur decomposition above, and that initial conditions U(0),Σ(0), V (0)
are given. We proceed as usual, by differentiating the relation U∗AV = Σ. Denoting
the skew-Hermitian matrices H = U∗U̇ , and K = V ∗V̇ we end up with the following
equations





Ṡ1 0
0 Ṡ2

0 0



 =





(U∗ȦV )11 (U∗ȦV )12
(U∗ȦV )21 (U∗ȦV )22
(U∗ȦV )31 (U∗ȦV )32



+





S1 0
0 S2

0 0





[

K11 K12

−K∗
12 K22

]

−





H11 H12 H13

−H∗
12 H22 H23

−H∗
13 −H∗

23 H33









S1 0
0 S2

0 0



 .

From the algebraic part in these equations we obtain

−H∗
13S1 = (U∗ȦV )31 ,

−H∗
23S2 = (U∗ȦV )32 ,

and
[

H12

K12

]

S2 −
[

0 S1

S1 0

] [

H12

K12

]

=

[

(U∗ȦV )12
((U∗ȦV )21)

∗

]

,

and thus we can uniquely determine H13 and H23 if 0 /∈ Λ(S1), 0 /∈ Λ(S2), and
H12, K12 if Λ(S1) ∩ Λ(S2) = ∅. Note that in this full rank case we can consider the
“standard” block SVD with S1 and S2 positive definite, since singular values do not
become 0. H33 is an arbitrary skew-Hermitian matrix, and we may set it to 0. For
blocks Hii, Kii, i = 1, 2 , we can reason as follows. The differential equations for S1

and S2 are

Ṡi = (U∗ȦV )ii −HiiSi + SiKii , i = 1, 2,

and we want S1 and S2 to be Hermitian. Thus, we must have

Si(Hii −Kii) + (Hii −Kii)Si = (U∗ȦV )ii − (U∗ȦV )∗ii , i = 1, 2,

and hence Hii − Kii, i = 1, 2 is uniquely determined and skew-Hermitian if 0 /∈
Λ(Si) (for example, can take K11 = K22 = 0). In summary, we obtain the desired
smoothness for the block SVD, as long as A is full rank and the blocks S1 and S2

have disjoint spectra. Hence:
Proposition 2.8. Any full column rank Ck–matrix with disjoint groups of sin-

gular values has a Ck–block singular value decomposition.
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If a square A satisfies a linear system: Ȧ = BA, the above relations simplify to

(U∗BU)12S2 = H12S2 − S1K12 ,
(2.17)

S1(U
∗BU)∗21 = K12S2 − S1H12 ,

and for i = 1, 2,

Ṡi = (U∗BU)iiSi −HiiSi + SiKii
(2.18)

Si(Hii −Kii) + (Hii −Kii)Si = (U∗BU)iiSi − Si(U
∗BU)∗ii .

The V factor needs not to be computed if only the blocks S1 and S2 are desired.
(c) Polar Factorization. With similar notation as above, we now consider differ-
ential equations for the polar factorization of a full rank A ∈ Ck(R,Cm×n) . That is,
we want to write A(t) = Q(t)P (t), where Q is orthonormal, P is Hermitian positive
definite, and Q,P are as smooth as A. Differentiating A = QP , using orthonormality
of Q, and letting as usual H = Q∗Q̇, we obtain

Q̇ = QH ,
(2.19)

Ṗ = Q∗Ȧ−HP .

Since we need P = P ∗, we then must have

PH +HP = Q∗Ȧ− Ȧ∗Q .(2.20)

Since P is positive definite, (2.20) has a unique solution, H . Thus, we obtain the
desired result since H satisfying (2.20) is skew-Hermitian.

Remark 2.8. Using (2.19) and (2.20) to obtain a smooth polar factorization of
A, in contrast to passing through the smooth SVD, is not hampered by the need of
noncoalescing singular values.

3. Extensions. In this section, we extend the smooth factorizations to the case
in which some singular behavior is encountered, such as rank deficiency, or eigenvalues’
coalescing.

3.1. Rank deficient QR. We begin with the case of the QR factorization of
a matrix A ∈ Ck(R,Cm×n) . As we saw in §2, if A has full rank, then it admits a
QR factorization where the Q and R factors are also Ck . Next, we show that, under
appropriate assumptions, A admits a QR factorization also in case it is rank deficient;
however, some loss of differentiability may take place. Then we show that analytic
(denote Cω ) matrices have analytic QR factorizations.

Our proof is based on a careful analysis of the Gram–Schmidt orthogonalization
process. The idea behind the proof is that in order for the function A to have a QR
factorization (with some degree of smoothness), then, at points where loss of rank
occurs, the matrix obtained by differentiating the columns of A (possibly, derivatives
of different orders for different columns) must have full rank.

For the Ck case, the following example is helpful in understanding what we should
expect.

Example 3.1. Let A =
[

tk|t|
td

]

, d, k ∈ N . Then A is k times continuously differen-

tiable. Depending whether d ≤ k or d = k + 1 we have the QR–decompositions

A(t) =

[

tk−d |t| /
√

1 + t2(k−d+1)

1/
√

1 + t2(k−d+1)

]

td
√

1 + t2(k−d+1) , A(t) =

[

sgn(t)/
√

2
1/

√
2

]

td
√

2 ,
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respectively. In the first case Q is in Ck−d, while in the latter it is not (and cannot
be taken) continuous. Note that in the first case A(t)TA(t) = t2d (t2(k−d+1) + 1) , in
particular limt→0

1
t2dA(t)TA(t) = 1 > 0 .

Theorem 3.1. Let A ∈ Ck(R,Cm×n) , m ≥ n , and assume d ≤ k is such that3

lim sup
τ→0

1

τ2d
det(A∗A)(t+ τ) > 0(3.1)

for every t . Given any QR-factorization A(t0) = Q(t0)R(t0) at a point t0 where A
has full rank, then there exists a Ck−d QR-factorization of A satisfying this initial

condition. If R(t0) has real diagonal, this QR-factorization becomes unique, if we

require the diagonal of R to be real.

Proof. Write A(t) = [a1(t) . . . an(t)] . If A has full rank at t, then Q = [q1 . . . qn]
necessarily satisfies

q1(t) =
η1(t)

|a1(t)|
a1(t) , P1 = I − q1q

∗
1

q2(t) =
η2(t)

|P1(t)a2(t)|
P1(t)a2(t) , P2 = P1 − q2q

∗
2

...

qj(t) =
ηj(t)

|Pj−1(t)aj(t)|
Pj−1(t)aj(t) , Pj = Pj−1 − qjq

∗
j .

Here ηj ’s have to satisfy |ηj(t)| = 1 for all j , otherwise they can be chosen freely.
Taking them smooth on intervals of full rank gives us Q and R = Q∗A both Ck on
these intervals. Further, real ηj is equivalent to real Rj,j , there.

Our assumption implies that the points where A does not have full rank are
isolated.

The details of the proof for the case in which there is some possible loss of smooth-
ness are based on the following

Claim: If t̂ and j ∈ {0, 1, . . . , k−1} are such that lim sup
τ→0

det(A∗A)(t̂+τ)
τ2j = 0 , then

lim
τ→0

det(A∗A)(t̂+τ)

τ2(j+1) exists and is finite.

Proof of the claim. Case j = 0 : we can assume t̂ = 0, so that det(A(0)∗A(0)) =
0 . Applying a permutation to the columns of A we may also assume that A(0) =
[ a0

1 A0
2...n ] , where a0

1 = A0
2...nβ for some β ∈ Cn−1 . Then

A(t) = [A0
2...nβ + t a∆

1 (t) A0
2...n + t A∆

2...n(t) ] ,

where [ a∆
1 (t) A∆

2...n(t) ] = 1
t (A(t) − A(0)) . Then

det(A(t)∗A(t)) = det

(

[

1 −β∗

0 I

] [

β∗A0
2...n

∗
+ t a∆

1 (t)∗

A0
2...n

∗
+ t A∆

2...n(t)∗

]

[A0
2...nβ + t a∆

1 (t) A0
2...n + t A∆

2...n(t) ]

[

1 0
−β I

]

)

= det

([

t (a∆
1 (t)∗ − β∗A∆

2...n(t)∗)
A0

2...n
∗

+ t A∆
2...n(t)∗

]

[ t (a∆
1 (t) −A∆

2...n(t)β) A0
2...n + t A∆

2...n(t) ]

)

= t2 det(Ã(t)∗Ã(t)) ,

3This means that the limsup is either positive or +∞
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where Ã(t) = [a∆
1 (t) −A∆

2...n(t)β A2...n(t) ] . Hence the claim for j = 0 follows.
Since4, Ã ∈ Ck−1 the proof for general j is completed by obvious induction.

Let t̂ be a point where A does not have full rank, and let d̂ be the smallest integer
for which

lim sup
τ→0

1

τ2d̂
det(A∗A)(t̂+ τ) > 0 .

Denote Aj(t) = [ a1(t) . . . aj(t) ] . Using Fischer’s inequality:

det([B1 B2 ]
∗
[B1 B2 ]) ≤ det(B∗

1B1) det(B∗
2B2)

and the claim above, we find for every j = 1, . . . , n a dj ≤ d̂ such that

lim
τ→0

1

τ2dj
det(A∗

jAj)(t̂+ τ)

is finite and positive. Also dj ≤ dj+1. Set e1 = d1, ej = dj − dj−1, j > 1.
Expand the first column of A:

a1(t̂+ τ) = â1 + τ â
(1)
1 +

τ2

2!
â
(2)
1 + · · · + τk−1

(k − 1)!
â
(k−1)
1 +

τk

k!
ã
(k)
1 ,

where â
(i)
1 = di

dti a1(t)∣
∣t=t̂

and the entries of ã
(k)
1 are the kth derivatives of elements of

a1 at some points between t̂ and t̂+ τ .

Now, since lim
τ→0

1
τ2d1

∣

∣a1(t̂+ τ)
∣

∣

2
is positive, we have â1 = â

(1)
1 = · · · = â

(d1−1)
1 =

0 and â
(d1)
1 6= 0 , and

q1(t) = η1(t̂+ τ)
τd1

d1!
â
(d1)
1 + · · · + τk

k! ã
(k)
1

∣

∣

∣

τd1

d1!
â
(d1)
1 + · · · + τk

k! ã
(k)
1

∣

∣

∣

= η1(t̂+ τ) sgn(τ)d1

1
d1!

â
(d1)
1 + · · · + τk−d1

k! ã
(k)
1

∣

∣

∣

1
d1!

â
(d1)
1 + . . .+ τk−d1

k! ã
(k)
1

∣

∣

∣

.

Choosing η1(t̂+ τ) sgn(τ)d1 smooth, i.e., changing the sign of η1 at t̂ whenever d1 is
odd, we have q1 in Ck−d1 in a neighborhood of t̂ .

For j ≥ 2 note first that I − Pj−1(t) is the orthogonal projection onto the range
of Aj−1(t) so that

det([Aj−1 aj ]
∗
[Aj−1 aj ])

= det([ (I − Pj−1)Aj−1 Pj−1aj ]
∗
[ (I − Pj−1)Aj−1 Pj−1aj ])

= det

([

A∗
j−1Aj−1 0

0 (Pj−1aj)
∗Pj−1aj

])

= det(A∗
j−1Aj−1) ‖Pj−1aj‖2

and limτ→0
1

τej

∥

∥(Pj−1aj)(t̂+ τ)
∥

∥ is finite and positive. Since Pj−1aj ∈ Ck−dj−1 it
follows that

(Pj−1aj)(t̂+ τ) = τej b̂j +O(τej+1)

4 Generally: if f ∈ Ck and f(t) = f(0) + t f ′(0) + . . . + t
d−1

(d−1)!
f(d−1)(0) + t

d

d!
g(t) , d ≤ k , then

g(t) = d
R 1
0 (1 − s)d−1 f(d)(ts) ds , which shows that g ∈ Ck−d .
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with b̂j 6= 0 . Hence

qj(t̂+ τ) = ηj(t̂+ τ) sgn(τ)ej
b̂j +O(τ)

|b̂j +O(τ)|
.

Again changing the sign of ηj at t̂ whenever ej is odd, we have qj and consequently
also Pj = Pj−1 − qjq

∗
j in Ck−dj , in a neighborhood of t̂.

This way we get the whole Q and hence also R in Ck−d.
The uniqueness follows from the fact that the sign changes in ηj ’s are also neces-

sary for smoothness.
Remark 3.1. If m = n, then in the previous theorem it suffices that the ma-

trix An−1 satisfies the assumptions. This is because the nth column of Q is then
determined (up to ηn with |ηn| = 1) by the previous columns.

Remark 3.2. The matrix A =
[

tk|t|
td

1
0

]

, d ≤ k+ 1, see Example 3.1, shows that no

extra smoothness can be generally expected for the R factor.
In the case of a real analytic matrix we don’t need any extra assumptions (a

different proof of this result is in [6]):
Theorem 3.2. Any A ∈ Cω(R,Rm×n) , m ≥ n , has a Cω QR decomposition.

Similarly for A ∈ Cω(R,Cm×n) .

Proof. The proof is by induction with respect to n .
Assume n = 1 . If A ≡ 0 set Q = e1, R = 0 . Else all the zeroes of A∗A are of finite
order and the proof of Theorem 3.1 gives us an analytic QR decomposition.
Assume the assertion is true for all m × n matrices with m > n . Then for analytic
A = [An an+1 ] take an analytic QR decomposition An = QnRn and set r =
Q∗

nan+1 , b = an+1−Qnr . If b ≡ 0 take an analytic unit qn+1 such that Q∗
nqn+1 ≡ 0

and set Q = [Qn qn+1 ],R =
[

Rn

0
r
0

]

. Else take qn+1 to be the analytic unit vector

in the direction of b as in the proof of Theorem 3.1.

3.2. Schur decomposition of a Hermitian matrix with multiple eigen-
values. Consider again the Schur decomposition of A ∈ Ck(R,Cn×n

H ) . As we saw in
§2.2, if the eigenvalues of A are simple then A admits a smooth Schur decomposition.
Under reasonable assumptions, we show next that A admits a Schur decomposition
with some possible loss of smoothness also in case some of its eigenvalues coalesce.

From the book of Kato ([12]) we know that Hermitian real analytic matrices have
analytic eigendecompositions. Also, it is true (a theorem of Rellich, see [13]) that C1

Hermitian matrices have C1 eigenvalues. Generally, however, even C∞ Hermitian ma-
trices don’t have C2 eigenvalues or continuous Schur decompositions as the following
example shows.

Example 3.2 (Wasow). Let α, β > 0 and

A(t) =

[

e−(α+β)/|t| e−β/|t| sin(1/t)
e−β/|t| sin(1/t) −e−(α+β)/|t|

]

.

Then A ∈ C∞ . The eigenvalues are

λ±(t) = ±e−β/|t|
(

e−2α/|t| + sin2(1/t)
)

1
2 .

These are in C1 but not in C2 , if α ≥ β . Notice that λ+(t) − λ−(t) = o(|t|d) , ∀d .
Here we show that the unitary diagonalization can be made smooth, provided

that the order of coalescing of the eigenvalues is not more than k.
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Denote by We the class of matrices depending on a real parameter, for which the
eigenvalues do not have contacts of order higher than e . More precisely; if an n× n
matrix A ∈ We and λ1(t), . . . , λn(t) are the continuous eigenvalues of A(t) , then for
any t and i 6= j we have

lim inf
τ→0

|λi(t+ τ) − λj(t+ τ)|
|τe| ∈ (0,∞] .(3.2)

Theorem 3.3. Any Hermitian matrix A ∈ Ck ∩We , e ≤ k , has a Ck−e Schur

decomposition.

Proof. The proof is by induction on e . Proposition 2.4 gives the theorem for
e = 0 (i.e., for distinct eigenvalues).

Assume now that the assertion is true for We−1–matrices and let A ∈ Ck ∩We .
We show first that A has a Ck−e decomposition in a neighborhood of any t̂ . We
may assume that t̂ = 0 . Let λ0 be a p−fold eigenvalue of A(0) and let Q0 be a Ck

orthonormal n×pmatrix obtained as one column block of a block Schur decomposition
(see Prop. 2.6) corresponding to the eigenvalues close to λ0. So, Q0 is defined in a
neighborhood of 0 such that

Q0(t)
∗A(t)Q0(t) = λ0 I + t S1(t) ,

where S1 ∈ Ck−1 . The eigenvalues of A(t) near λ0 are of the form λ0+t µ(t) , where
µ(t) is an eigenvalue of S1(t) . If µ̃(t) is another eigenvalue of S1(t) , we have

|µ(t) − µ̃(t)|
|te−1| =

|λ(t) − λ̃(t)|
|te|

where λ(t), λ̃(t) are eigenvalues of A(t) . Hence S1 ∈ Ck−1∩We−1 so that by induction
hypothesis it has a Ck−1−(e−1) = Ck−e Schur decomposition. This is true for all blocks
corresponding to different eigenvalues of A(0) and hence for A .

The assumption implies that the points where A(t) has multiple eigenvalues are
isolated. Cover R with a countable set of intervals Ij = (αj , βj) such that on each of
these A has a Ck−e Schur decomposition A(t) = Uj(t)Λj(t)Uj(t)

∗ , Ij−1 ∩ Ij+1 = ∅
for all j ∈ Z , and A has simple eigenvalues on each (αj , βj−1) .

Set U = U0, Λ = Λ0 , on [β−1, α1] , and Π0 = I . For j = 1, 2, . . . let τj =
1
2 (αj + βj−1) . Since A(τj) has simple eigenvalues, there exists a permutation matrix
Πj such that

ΠT
j Λj(τj)Πj = ΠT

j−1Λj−1(τj)Πj−1 .

Take Dj ∈ Ck−e((αj , αj+1],C
n×n) such that Dj(t) is diagonal and unitary for all t ,

and

Dj(t) =

{

ΠT
j Uj(t)

∗Uj−1(t)Πj−1 on (αj ,
2
3αj + 1

3βj−1)

I on (1
3αj + 2

3βj−1 , αj+1] .

Then UjΠjDj is smooth and equals to Uj−1Πj−1 on the beginning part and UjΠj

on the final part of (αj , αj+1] . Set U = UjΠjDj and Λ = ΠjΛjΠj on this interval.
This gives U and Λ smooth on [β−1, αj+1] .

Similarly continue for j = −1,−2, . . . .
Our next task is to prove that in the situation of the previous theorem the eigen-

values are in fact Ck functions. For this we need a closer look at the functions involved
in the Taylor remainder terms.
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For a function f ∈ C0([−T, T ]) set me(f)(t) = tef(t) .
For k ≥ e denote by Ck

e the set of f ∈ C0([−T, T ]) for whichme(f) ∈ Ck([−T, T ]) .
With the norm

‖f‖k,e = max
0≤j≤e

0≤l≤k−e+j

∥

∥

∥
mj(f)(l)

∥

∥

∥

∞
,

Ck
e becomes a Banach space.

Proposition 3.4. If f, g ∈ Ck
e , then

i) fg ∈ Ck
e , ii) f(t) 6= 0 ∀t =⇒ 1/f ∈ Ck

e , iii) f(t) > 0 ∀t =⇒
√

f ∈ Ck
e .

Further, the operations i) − iii) are continuous.

Proof. Clearly Ck+1
e+1 ⊂ Ck

e with ‖f‖k,e ≤ ‖f‖k+1,e+1 .

For f ∈ Ck+1
e+1 , 0 ≤ d ≤ e , set hd(f)(t) = t−dmd+1(f)′(t) . We show first that

hd is continuous Ck+1
e+1 → Ck

e . Take 0 ≤ j ≤ e and 0 ≤ l ≤ k − e+ j .
If j < d then by the footnote on page 12

∣

∣

∣
mj(hd(f))(l)(t)

∣

∣

∣
=

∣

∣

∣

∣

dl

dtl
(

tj−dmd+1(f)′(t)
)

∣

∣

∣

∣

=

∣

∣

∣

∣

dl

dtl
1

(d− j − 1)!

∫ 1

0

(1 − s)d−j−1md+1(f)(d−j+1)(ts) ds

∣

∣

∣

∣

≤ C
∥

∥

∥
md+1(f)(d−j+1+l)

∥

∥

∥

∞
≤ C ‖f‖k+1,e+1

since d+ 1 ≤ e+ 1 and d− j + 1 + l ≤ k + 1 − (e+ 1) + d+ 1 .
If j ≥ d then

∣

∣

∣
mj(hd(f))(l)(t)

∣

∣

∣
=

∣

∣

∣

∣

dl

dtl
mj−d

(

md+1(f)′
)

(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

dl

dtl
(

mj+1(f)′(t) − (j − d)mj(f)(t)
)

∣

∣

∣

∣

=
∣

∣

∣
mj+1(f)(l+1)(t) − (j − d)mj(f)(l)(t)

∣

∣

∣
≤ C ‖f‖k+1,e+1

since j+1 ≤ e+1 and l+1 ≤ k+1−(e+1)+d+1 . Hence ‖hj(f)‖k,e ≤ C ‖f‖k+1,e+1 ,
for some constant C depending only on T , k, and e .

If f, g ∈ Ck+1
e+1 and 0 ≤ j ≤ e , then

mj+1(fg)
′(t) =

d

dt

(

t−j−1mj+1(f)(t)mj+1(g)(t)
)

= (hj(f)mj(g))(t) + (mj(f)hj(g))(t)(3.3)

−(j + 1)t−j(mj(f)mj(g))(t)

=
(

mj(hj(f)g) +mj(fhj(g)) − (j + 1)mj(fg)
)

(t) .

Now, i) is trivially true for any k if e = 0 . Assume it is true for k and e . Then
(3.3) with j = e shows that me+1(fg)

′ ∈ Ck , i.e., fg ∈ Ck+1
e+1 .

Similarly for ii) and iii) . If they are true for k, e and if f ∈ Ck+1
e+1 vanishes

nowhere, then

me+1(1/f)′(t) =
d

dt
(t2e+2/me+1(f)) =

(

(2e+ 2)me(1/f) −me

(

he(f)
1

f

1

f

))

(t) .
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So, by i) we get me+1(1/f)′ ∈ Ck and 1/f ∈ Ck+1
e+1 . Further, if f is positive, then

differentiating me+1(
√
f )(t)2 = te+1me+1(f)(t) gives

me+1(
√

f )′ =
e+ 1

2
me(

√

f ) +
1

2
me(he(f) 1/

√

f )

in Ck and
√
f ∈ Ck+1

e+1 .
Next, we prove continuity of the multiplication. We show inductively that

‖fg‖k,e ≤ C ‖f‖k,e ‖g‖k,e ,(3.4)

which is trivially true for any k if e = 0 . Assume it is true for k and e and let
f, g ∈ Ck+1

e+1 . From (3.3) we get for j + 1 ≤ e+ 1 , l + 1 ≤ k + 1 − (e+ 1) + j + 1
∥

∥

∥
mj+1(fg)

(l+1)
∥

∥

∥

∞
≤
∥

∥

∥
mj(hj(f)g)(l)

∥

∥

∥

∞
+
∥

∥

∥
mj(fhj(g))

(l)
∥

∥

∥

∞
+ (j + 1)

∥

∥

∥
mj(fg)

(l)
∥

∥

∥

∞

≤ C
(

‖hj(f)‖k,e ‖g‖k,e + ‖f‖k,e ‖hj(g)‖k,e + (j + 1) ‖f‖k,e ‖g‖k,e

)

≤ C ‖f‖k+1,e+1 ‖g‖k+1,e+1 .

Thus, continuity of the multiplication follows from (3.4) by
∥

∥

∥
f̃ g̃ − fg

∥

∥

∥

k,e
≤
∥

∥

∥
(f̃ − f)g̃

∥

∥

∥

k,e
+ ‖f(g̃ − g)‖k,e .

Proofs of continuity of f → 1/f and f → √
f are similar to that of multiplication

and hence omitted.
With these tools we can show the following:
Theorem 3.5. Under the assumptions of Theorem 3.3, the eigenvalues can be

taken to be Ck functions.

Proof. From the proof of Theorem 3.3 we get that the eigenvalues of A(t) are of
the form λ0 + t µ1(t) , where µ1(t) is an eigenvalue of S1(t) , and S1 ∈ Ck

1 . If µ1(0)
is a q−fold eigenvalue of S1(0), let P1(t) be the eigenprojector corresponding to the q
eigenvalues of S1(t) close to µ1(0) . Then (see [12])

P1(t) = − 1

2πi

∫

Γ

(S1(t) − ζI)−1dζ ,

where Γ is the boundary of a small disk containing only these eigenvalues. By i)
and ii) of Proposition 3.4 ζ → (S1(·) − ζI)−1 defines a continuous function Γ →
Ck
1 ([−T, T ],Cq×q) so that also P1 ∈ Ck

1 . Take Q1(0) the columns of which form an
orthonormal basis for the range of P1(0), and let Q1(t)R1(t) = P1(t)Q1(0) be a QR–
decomposition which again by Prop. 3.4 is in Ck

1 . The columns of Q1(t) form an
orthonormal basis for the S1(t)−invariant subspace corresponding to the eigenvalues
close to µ1(0). Hence, we get that

Q∗
1(t)S1(t)Q1(t) = µ1(0) I + t S2(t) ,

where S2 ∈ Ck
2 . So, the eigenvalues of A(t) are of the form λ0 + t µ1(0) + t2 µ2(t),

where µ2 is an eigenvalue of S2. Continuing this way, we get that the eigenvalues of
A(t) are of the form

λ(t) = λ0 + t µ1(0) + t2 µ2(0) + · · · + teµe(t) ,

where µe is an eigenvalue of Se ∈ Ck
e . By assumption, it is a simple eigenvalue.

Then, as above, the corresponding eigenvector Qe is in Ck
e and the same holds for

µe(t) = Qe(t)
∗Se(t)Qe(t). Hence me(µe) and consequently also λ is in Ck .
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3.3. SVD in the rank deficient case and with multiple singular values.
Here we consider a smooth singular value decomposition of A ∈ Ck(R,Cm×n) , m ≥
n , allowing now multiple singular values and/or loss of rank at some points. In
parallel to sections 3.1 and 3.2 we assume that at any point the order of coalescing of
the squares of the singular values is at most e ≤ k (as in (3.2)):

lim inf
τ→0

∣

∣σ2
i (t+ τ) − σ2

j (t+ τ)
∣

∣

|τe| ∈ (0,∞] , ∀t ,

and that for every t

lim sup
τ→0

1

τ2d
det(A∗A)(t + τ) > 0 .(3.5)

We also assume that only one of the singular values can become zero, i.e., the rank
of A is always at least n− 1 .

To get smooth decomposition one has to allow sign changes in the singular values
as in the analytic case of [3]. The result might be more properly called a signed SVD.

Theorem 3.6. With the above assumptions there exists a Ck−max(d,e)–singular

value decomposition of A . Moreover, the singular values can be taken to be Ck

functions.

Proof. According to Theorem 3.3, we get that the Hermitian positive semidefinite
matrix A∗A has a Ck−e – Schur decomposition

A∗A = Ṽ Σ2Ṽ ∗ , Σ2 =







σ2
1

. . .

σ2
n






.

Let t̂ be a point where A loses rank. We can assume that σ2
n is the smallest eigenvalue

near t̂. Then, by the smooth block Schur result (Proposition 2.6) we can write Ṽ =

[ Ṽ1 ṽn ] , where ṽn ∈ Ck . Write also Σ2 =
[

Σ2
1

σ2
n

]

. Similarly, we can make the

decomposition

AA∗ = [U1 Ũ2 ]

[

Σ2
1

B∗B

]

[U1 Ũ2 ]
∗
,

where U1 ∈ Ck−e , Ũ2 ∈ Ck , and B = A∗Ũ2 ∈ Ck .

Since w = Aṽn is in Ck and
∥

∥w(t̂ + τ)
∥

∥ ≥ c |τ |d̂ for some c > 0 , d̂ ≤ d , we

get w(t̂ + τ) = τ d̂w0(τ) where w0 ∈ Ck
d̂

and w0(0) 6= 0 . So, by Proposition 3.4,

s(τ) = ‖w0(τ)‖ is in Ck
d̂

. Hence, σn = md̂(s) ∈ Ck . In Σ1 we can take the square

roots of σ2
1 , . . . , σ

2
n−1 with any combination of signs, just keeping them constant until

a possible sign change of one that becomes zero.
Since ‖B‖2 = σ2

n, we have

B(t̂+ τ) = τ d̂B̂(τ) ,

where B̂ ∈ Ck−d̂ , and B̂(0) has rank one. Then we have the Ck−d̂ block Schur
decomposition:

WB̂∗B̂W ∗ =

[

s2 0
0 0

]

.
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Set U = [U1 Ũ2W ] = [U1 un U0 ] ∈ Ck−max(d̂,e) . Then we want to find a

matrix V such that A = U
[

Σ
0

]

V ∗ . We look for it in the form: V = Ṽ D , where

D = diag(d1, . . . , dn) satisfies |dj | = 1 , ∀j . We need:

[

U∗
1

u∗n

]

A [ Ṽ1 ṽn ] =

[

Σ1

σn

]

D̄ ,

from which diag(d̄1, . . . , d̄n−1) = Σ−1
1 U∗

1AṼ1 ∈ Ck−e . Finally, from σnd̄n = u∗nw we

get dn ∈ Ck−max(d̂,e) by

d̄n(t̂+ τ) =
un(t̂+ τ)∗w0(τ)

s(τ)
.

Hence Σ ∈ Ck and U, V ∈ Ck−max(d,e) .
Remark 3.3. If in the previous theorem A ∈ Ck(R,Rn×n) , then condition (3.5)

is not needed and we get a Ck−e SVD. This is because U1 and V1 are in Ck−e and
they determine (up to sign) uniquely the last columns un, vn ∈ Ck−e .

4. Genericity of smooth factorizations. In this section we discuss how
smooth factors a generic one-parameter family of matrices has. For example, we
show that, generically, Ck matrices have Ck QR decomposition and Ck singular
value decomposition.

In what follows, for Ck(R,Cm×n) we take the Whitney topology (see [11], it is
called the “fine” topology in [1]). Also, recall that a generic property is one that holds
for a set that contains a countable intersection of open and dense sets.

4.1. QR decomposition. Here we show that the QR decomposition is, generi-
cally, as smooth as the family.

Theorem 4.1. A generic A ∈ Ck(R,Rm×n) , k ≥ 1 , m ≥ n , has a Ck QR
decomposition. Similarly for generic A ∈ Ck(R,Cm×n) .

Proof. The set V of m × n real matrices having rank r < n is a stratified
manifold, where each stratum has codimension (m−r)(n−r) (see [11]). So, for m > n,
the codimension is at least 2, and by the weak transversality theorem a generic one
parameter family does not meet this set (again, see [11]). So, it has full rank for all
t . In the case m = n , for generic A ∈ Ck(R,Rn×n) we have that [a1 . . . an−1] is of
full rank for all t , and by Remark 3.1 A has a Ck QR decomposition.
In the complex case, each stratum has (real) codimension 2(m− r)(n− r), and hence
a generic one parameter family has full rank for all t .

4.2. Schur decomposition. For a generic matrix A ∈ Ck(R,Cn×n) , the eigen-
values are simple and we have a Ck Schur decomposition (and Ck eigendecomposi-
tion).
On the other hand, not even for a generic family of analytic real matrices we can
expect smooth eigenvalues. For example, any smooth real perturbation of

A(t) =

[

0 1
t 0

]

will have a defective eigenvalue and nondifferentiable eigenvalues at some t near 0 .
More interesting is the case of Hermitian matrices. For the Ck case, the next

theorem shows that generically there is no loss of smoothness.
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Theorem 4.2. A generic A ∈ Ck(R,Rn×n
H ) , k ≥ 1 (or complex Hermitian) has

a Ck Schur decomposition.

Proof. We show that a generic one parameter family of real symmetric matrices
has simple eigenvalues for every t . The set W0 of symmetric matrices with a double
eigenvalue is the image of the map (U,D) → UDUT , where U is orthogonal, D is
diagonal with d11 = d22 . This map is real analytic and proper (compact sets have
compact preimages). Hence by [10] W0 has a Whitney stratification. The dimension

of the set of n × n orthogonal matrices is n(n − 1)/2 . If Ũ = U
[ c

−s
s
c

I

]

where

c2 + s2 = 1 , then ŨDŨT = UDUT . Hence the maximum dimension of the strata of
W0 is

n(n− 1)/2 − 1 + n− 1 = n(n+ 1)/2 − 2 .

Thus W0 has codimension two and by the weak transversality theorem a generic one
parameter family does not meet W0 .
Similarly, let now W0 be the set of complex Hermitian matrices with a double eigen-
value. This is the image of the map (U,D) → UDU∗ , with U unitary, and D real di-
agonal with d11 = d22 . By viewing this as the equivalent real map ψ : (Ur, Ui, D) →
(UrDU

T
r +UiDU

T
i , UiDU

T
r −UrDU

T
i ) , where U = Ur + iUT

i , similarly to the previ-
ous case one infers that W0 admits a stratification. Now, the (real) dimension of the

set of n×n unitary matrices is n2. If we let Ũ = U
[

V
0

0
Φ

]

= Ũr + iŨi where V ∈ C2×2

is unitary, and Φ = diag(η1, . . . , ηn−2) , |ηj | = 1 , then ψ(Ũr, Ũi, D) = ψ(Ur, Ui, D) .
Hence the maximum dimension of the strata of W0 is

n2 + (n− 1) − 4 − (n− 2) = n2 − 3 ,

and since the set of Hermitian matrices has real dimension n2 we see that W0 has
codimension 3 and generically a one parameter family does not meet it.

Example 4.1. Let A(t) =
[

t
0

0
0

]

. The perturbation Aε(t) =
[

t
ε

ε
0

]

has simple

eigenvalues 1
2 (t ±

√
t2 + 4ε2 ) for every t . This example also shows that analytic

symmetric matrices of two parameters do not necessarily have smooth eigenvalues.

4.3. Singular value decomposition. Here we show, in the Ck case, that
generically the singular value decomposition is as smooth as the family.

Theorem 4.3. A generic A ∈ Ck(R,Rm×n) , k ≥ 1 (or complex valued) has a

Ck singular value decomposition.

Proof. We can assume that m ≥ n , otherwise apply the following to AT . We
show first that generically a one parameter family of real matrices has simple singular
values for every t , i.e., we have e = 0 in Theorem 3.6.

Similarly to the previous proof, the set V0 of real m× n matrices with a double
singular value is the image of the proper analytic map (U,Σ, V ) → UΣV T , where
U ∈ R

m×n is orthonormal, Σ is diagonal with σ11 = σ22 , and V is orthogonal. As
above

U

[

c s
−s c

I

]

Σ

[

c −s
s c

I

]

V T = UΣV T

so that the dimensions of the strata of V0 do not exceed

mn− n(n+ 1)/2 + n− 1 + n(n− 1)/2 − 1 = mn− 2 .
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Hence a generic one parameter family does not intersect V0 . The complex case is
handled similarly to Theorem 4.2.

If m > n then as in the proof of Theorem 4.1 we generically get d = 0 for
Theorem 3.6. This is also true for complex n × n matrices. For real n × n matrices
we get the result by Remark 3.3.

Acknowledgement. The authors are grateful to J. Guckenheimer for suggesting
the study of generic smoothness of the factors.
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