REAL HAMILTONIAN LOGARITHM OF A SYMPLECTIC
MATRIX

LUCA DIECI

ABSTRACT. In this note we give sharp conditions under which a real symplectic
matrix S has a real Hamiltonian logarithm, and explicitly construct a logarithm.
In the classical work of Williamson, see [8], necessary and sufficient conditions
were alredy given. Our contribution is to provide contructive arguments based on
the canonical form of real symplectic matrices derived by Laub and Meyer in [4].

Notation. By A(A) = {\(A), i =1,...,n} we denote the spectrum of the matrix
A € R™"™; at times we write A, to highlight the dimension of A. A matrix S €
R#2 is symplectic if STES = FE, where E = [ % []. A matrix H € R is
Hamiltonian if H'E + EH = 0; equivalently, H = [g; gﬂ, H, = HI, H; =
HY H,=—-H].

1. INTRODUCTION

Given a matrix A € R™" we will call logarithm of A any matrix X such that
eX = A. Assuming that a logarithm X exists, it is a simple verification that if
V1AV = T is any similarity transformation of A, then V"1XV is a logarithm of
T. In particular, this applies to the Jordan form of A; as a consequence, by letting
i € AM(X), i =1,...,n, and \; € A(A), then e = );. Now, if there exists a
(piecewise analytic) function “log” for which p; = log(X;), i = 1,...,n, then the
matrix X will be called a primary matrix function, otherwise it will be called non-
primary. With this distinction, we will still nonetheless write X = log(A), even
though X may be a non-primary function of A (i.e., the notation “log” is possibly
not indicating a function on the spectrum of A).

It is a well known fact that any invertible matrix A has a logarithm X. However,
X may be a complex matrix even if A is real. For practical and theoretical reasons,
it is important to characterize under which conditions on A € R™*™ we also have a
real logarithm X. The following result is well known (e.g., see [3]).

Theorem 1.1. Let A € R™"™ be given. Then, there exists X € R™ " such that

eX = A if and only if A is invertible and has an even number of Jordan blocks of

1991 Mathematics Subject Classification. 15A24.

Key words and phrases. Hamiltonian, logarithm, symplectic.

This work was supported in part under NSF Grant DMS-9625813.
1



2 DIECI

each size relative to every negative eigenvalue. If A has any negative eigenvalue, X
cannot be a primary matrix function.

Next, consider a Hamiltonian matrix H € R?"*?", It is a well known fact from
the theory of differential equations (e.g., see [9]) that e'# is a symplectic matrix for
all t € R. Recall that symplectic matrices are closed under multiplication, inversion
and transposition, whereas Hamiltonian matrices are closed under matrix addition
and transposition. Also, recall that a symplectic similarity transformation of a
Hamiltonian matrix gives a Hamiltonian matrix. Consider now a symplectic matrix
S € R?*2" The question is whether or not S has a real Hamiltonian logarithm.

In the next section, first we give —or recall, if they are known— a number of results
which will allow us to then prove Theorem 2.7, where sharp sufficient conditions
under which a real symplectic matrix has a Hamiltonian logarithm are given. This
result is predated (by 60 years!) by work of Williamson, see [8], who obtained
essentially the same conditions and argued that they were also necessary. However,
our proof of sufficiency is different and more constructive than that of Williamson.
For one thing, at the time of Williamson’s work, results like Theorem 1.1 were
apparently not available, so he had to spend some time ensuring that a real logarithm
existed in the first place. Moreover, he made use of the normal form of symplectic
matrices he had previously derived in [7]. There, explicit formulas were only provided
for low dimensional cases, and the general extension to higher dimension was not
obvious. As a consequence, for the logarithm, especially in the interesting case of
eigenvalue —1, explicit formulas are not easy to obtain from Williamson’s work. In
contrast, we utilize the explicit form of the canonical reduction of a real symplectic
matrix as given by Laub and Meyer in [4], who adopt a more constructive approach.
Then, we make available explicit formulas for the logarithm. These formulas are
useful for testing computational procedures.

2. BUILDING A LOGARITHM

In essence, we build a logarithm by putting together logarithms of submatrices
obtained by restricting S to its generalized eigenspaces. To this end, we need the
canonical form of S. Recall that if x4 is an eigenvalue of a symplectic matrix, then
so are 1/u, i1 and 1/ji.

Williamson in [7], and then Laub & Meyer in [4], gave a complete classification
of the canonical form of a real symplectic matrix. The technique in [4] is more
constructive, and this is the approach we follow. The following result summarizes
the fundamental decomposition theorem.
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Fact 2.1. Let S € R?™*2" pe symplectic. Then, there exists a symplectic T € R**2n
such that

A B
C D

B = diag(By,...,B,), C =diag(Cy,...,C,), D =diag(Dy,...,D,),

and all matrices A;, B;, C;, D; are square of dimensions n;, ny +---+mn, = n. The
blocks [éz gi} are canonical blocks, analogous to the usual Jordan blocks, whose
particular form depends on the eigenvalues of S. Fach of these canonical blocks
15 a symplectic matriz. The precise form of these blocks relative to the different
possibilities for eigenvalues of S can be obtained from [4]; in any case, each of these
blocks is associated to one of these eigenvalues’ types:

V=T8T = { } ,  where A =diag(A;,...,A)),

(2.1)

e a pair of real reciprocal eigenvalues u, 1/p;

e a quadruplet of complex conjugate eigenvalues not on the unit circle (o +
iﬁ)il;

e a pair of complex conjugate eigenvalues on the unit circle c+is, ¢ +s% =1,
s#0;

e the eigenvalue 1;

e the eigenvalue —1. O

Remark 2.2. Without loss of generality, we assume that in the matrix V of (2.1),
the diagonal blocks in A, B, C, D relative to positive eigenvalues appear first,
followed by those relative to complex conjugate eigenvalues, then by those relative
to the eigenvalues on the negative real axis different than —1, and then by those

relative to —1. Such ordering can always be achieved by similarity transformations

with symplectic permutations of the type [Pg'l PZ l} , where P ; exchanges the k and

[ blocks in A, B,C,D. So, Ain (2.1) is A = diag(Ay,..., A4,, Ay, ..., A4,) and the
same for B, C, D, with the canonical blocks [éz gi} of V,i=v+1,... p, being
associated to negative eigenvalues.

. () 1)
Lemma 2.3. With the above notation, suppose that there exist L) = {Ll La ],

L((;Z) Liz)
real Hamiltonian logarithms of the symplectic matrices [él gi ] Jfori=1,.... v, and
A,,+1 5 B,,+1 5

L = [% %j] real Hamiltonian logarithm of the matriz | o | Ap Dut1 Be ) Let

- To, "D,
L= [51 52}, where L; = diag(Ll(Z)) s fori=1,...,vandl =1, 2, 3, 4. Then,

Ls La
the matriz

L1 L2 . T 7
(2.2) L= . L.l where Ly = diag(L;, L;) , 1 =1,2,3,4,
3 1y

is a real Hamiltonian logarithm of V, and hence TLT ™' of S.
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Proof. To show that e” = V consider the block permutation matrix P associated to
the indexing [1,p+1,2,p+2,...,v,v+p,v+1,...,p,v+p+1,...,2p| (here, identity
blocks in P are of the same dimensions as corresponding blocks of V'). Then, it is
obvious that eFZP" is a logarithm of the block diagonal matrix PV PT. To show
that L is Hamiltonian, first observe that LTE + EL is of the form

—diag((L§")T)  diag((L{")T) diag(Ly))  diag(L{")
—diag((L{)T)  diag((Z$)T) —diag(L{") —diag(Ly”) |

and hence LTE + EL = 0 because the L® are Hamiltonian. A similar verification

~

then gives that LT E + EL = 0, since also L is Hamiltonian. O

Because of Lemma 2.3, we can restrict ourselves to finding real Hamiltonian loga-
rithms of the form L and L. Now, to obtain L of the form described in Lemma 2.3,

does not present conceptual difficulty. In fact, the matrices [é IB)Z'_ }, 1=1,...,v,are

symplectic matrices with no negative eigenvalues, and hence the L can be taken
real Hamiltonian logarithms as in [9]. Thus, we can concentrate on finding loga-
rithms of the form L. To this end, we will use the specific structure of the canonical
blocks relative to negative eigenvalues.

Lemma 2.4. Let [éz gi} be a canonical block of size 2k relative to a negative eigen-
value p.

(a) If p < 0, p # —1, then the canonical block is [g JQT} , where
p 0 ... .. 0 p~l —p72 L (=1)ktlpk
J = [%}:31 - 0] . hence J T = [ 0 pfl - _plg ] )
0..01p 0 .. 0 pt
(b) If p = —1, we can write the canonical block in one of the following three
forms:
(i) diagonal: [éﬁ gl} = [ %] = —ILa;
. . K 0
(ii) block diagonal: 0 K‘T} , where
10..0 1 -2 .. (=1)kt12
K:—[?}. Ij;é] . hence K‘T:—[(} Lo } :
2..21 0.0 1

. K 0
(iii) block triangular: {W T

-2 ... =2
o[22
(—1)*2 . (—1)k2

Proof. The statement for (a) is verbatim in [4] (see formula (10) there). The state-

ments relative to cases (b)(ii)-(iii) can also be obtained from [4], by easily adapting

} , where K and K=T are as in (ii) and
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to the case of eigenvalue —1 the canonical forms relative to the eigenvalue 1 (in par-
ticular, see formulas (12) and (13) there). The case (b)-(i) is given for completeness,
since we treat it differently from case (b)-(ii). O

We now consider the cases (a) and (b) of Lemma 2.4. Let us first realize in
which sense the canonical blocks of which in Lemma 2.4 correspond to standard
Jordan blocks. In the sequel, we make use of the following result, which we recall
for completeness (it is Theorem 6.2.25 in [3]). For notational convenience, we write
Jordan blocks as lower triangular blocks, rather than in the more standard way as
upper triangular blocks; clearly, these rewriting are equivalent.

AX00..0
Lemma 2.5. Given a m x m Jordan block J = [é ? _9\ . 0], and a function f
0..0 12X

(m — 1) times differentiable at A\. Then, the value of the primary matriz function f
evaluated at J is given by

N 0 0 0
OV I (CV I
FJ) = Y EIC I VIO

L) L L) PO SO

Moreover, if f'(\) # 0, then the Jordan form of f(J) is the single Jordan block

fO 0 0 .. 0
I R TPV
J(f(N), thatis | o "1 fo) -
o Ty

With the notation of Lemma 2.4, quite clearly the canonical block in (a) corre-
sponds to two Jordan blocks, relative to p and 1/p (we can view J~! as the result
of computing the function 1/p, and use Lemma 2.5). Of course, case (b)-(i) corre-
sponds to 2k simple Jordan blocks. For cases (b)-(ii) and (b)-(iii), a little algebra
gives

10 ..0
Lemma 2.6. The real Jordan form of the m x m matric K = — [2 Lo 0] is given
2.0 21
by the single Jordan block
Py
(2.3) J:[(')'_l'—1:~.;].
(R R

As a consequence.

e the canonical block in (b)-(ii) corresponds to two identical Jordan blocks J
as in (2.3) of size k;

e the canonical block in (b)-(iii) corresponds to a unique Jordan block J as in
(2.3) of size 2k.
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Proof. The claim about the Jordan form of K is verified upon looking at K as
the function of J, K = p(J) and using Lemma 2.5. Here, p is the unique oscu-
latory polynomial satisfying: p(—1) = —1, p/(-1) = =2, p"(-1) = =2-2!, ...,
pm=Y(=1) = =2 (m — 1)!. Next, consider the block in (b)-(ii): — [& %+ ]. Take
Py = diag(—1,1,...,(=1)*) and realize that PLK~TP, = K7, then apply the per-
mutation P, = (k,k —1,...,2,1) to get ,KTP, = K. Thus, with P := [{ p%, ]
we get P~ [&.%.] P=[% 2]. Finally, consider the block in (b)-(iii). With same
notation, we now have that —P~! [V[f/ KQT} P = — K5, and hence it corresponds to

J in (2.3) of size 2k. O
We are now ready to state

Theorem 2.7. Let a symplectic matriz S € R**?" be given.

(1) Suppose —1 & A(S). Then there exists a Hamiltonian H € R*"?" such that
el = S if and only if S has an even number of canonical blocks of type (a)
of each size relative to every negative eigenvalue.

(2) Suppose now that —1 € A(S), and that relative to the other negative eigen-
values the conditions in (1) are satisfied. Then S has a real Hamiltonian
logarithm if, relative to —1, there are only blocks of type (b)-(i), blocks of

type (b)—(ii) with k odd, and an even number of blocks of each size of type
(b)—(iii) or (b)—(ii) with k even.

Remark 2.8. In case S has no negative eigenvalue, the result can be found in [9]
and in [6]. The difficulty in the case of negative eigenvalues is that H cannot possibly
be a primary matrix function (see Theorem 1.1). As a consequence, the techniques
used in the above works cannot be used. In particular, the technique of [9] is based
on a contour integral representation for piecewise analytic functions, which of course
cannot be directly used. The technique of [6] is more algebraic, but essential use is
nonetheless made of having a primary matrix function. The statement of Theorem
2.7 should be compared with Theorem 3 in [8]. Despite differences in notation, the
conditions appear to be the same. Williamson’s result is truly remarkable, as it
predates by almost 30 years the “simpler” Theorem 1.1. In fact, as far as we could
determine, Theorem 1.1 was first proved by Culver in 1966, see [1].

Remark 2.9. Theorem 2.7 may appear surprising, since the assumptions needed
are almost the same needed to guarantee the existence of a real logarithm of S,
recall Theorem 1.1. In fact, with the exception of blocks of type (b)-(ii) with &
even, the other assumptions amount to requiring an even number of Jordan blocks
of each size for the negative eigenvalues (see Lemma 2.6 and the remarks after
Lemma 2.5). However, the reduction to Jordan form of a matrix is not a symplectic
similarity transformation, and thus the construction used to infer the existence of
a real logarithm of S, as in [3], does not deliver the existence of a real Hamiltonian
logarithm, regardless of the case (b)-(ii).
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We prove Theorem 2.7 constructively, by putting together logarithms of appro-
priate canonical blocks for which we give explicit formulas.

Lemma 2.10. With the notation of Lemma 2.4, let two canonical blocks of type

(a), both of size 2k, relative to the same eigenvalue p < 0, be given. That is, we
J 0 0
have the symplectic matriz S, = {[OOJ] |:J—T 0,] } . Let I1 = [ £ 9] be the symplectic
0 J-
permutation matriz with P being the permutation matrix associated to the indices

(L,k+1,2,k+2,...,k,2k). Then, S, has the real Hamiltonian logarithm

log(S,) = II* Ly OT IT, where
0 —-L,
D 0 .0
(2.4) I D 0o .0
ES R loglp|
L, = 2,352] /_).I D 0 , and D = [_glf' 1og\p|] )
(;:)fI . 5El 51D

Proof. We begin by noticing that if PTef» P = [{ 9], then PTe Lo p = [JBT JQT}.
That log(S,) in (2.4) is Hamiltonian is evident. Now, we have

pI 0 0 0 .. 0

I pI 00 ..0

P{J O:|PT: 0 1pI0..0
)

0 J 0 .. 0 Iplo0

0 ..00 I pI

where all identity blocks are 2x 2, and it is simple to verify that e® = P[] 9] P, us-

ing Lemma 2.5 and the fact that V=1DV = [er(;)g‘p‘ i7r+1oog\p|] with V' = @ [F L]
O]

Remark 2.11. There are infinitely many choices for a real logarithm of the block
[8 2], since we can replace 7 in (2.4) by (2m + 1)m, m = 0,+1, 42, .... This same
remark applies later on as well.

Next we consider the case (b)-(i), and then the cases (b)-(ii) and (b)-(iii).
Lemma 2.12. Consider the symplectic matriz —Is,. Then —Io, has a real Hamil-

tonian logarithm given by

(2.5) L = {_OZ %} ,  where ¥ =

Proof. That the matrix in (2.5) is Hamiltonian is evident. That it gives a logarithm
is appreciated upon using the permutation (k,k+1,k—1,k+2,...,1,2k) to obtain
el = 1. ([
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Remark 2.13. Of course, the choice in (2.5) is by no means the only possible one.
Besides the usual freedom in replacing © by an odd multiple of 7, at times some
rewritings of (2.5) are more insightful. For example, for k even, it is perhaps more
intuitive to give a logarithm as

diag(D,...,D), with D=[°7],
k times

whereas for k£ odd it will turn out to be useful to consider as a logarithm

0 00270
(2.6) L = LE J, where Zzlﬁiaf}'emmh
T 0 0 .0

Lemma 2.14. Consider the matriz K € R*** of case (b)-(ii) (see Lemma 2.4):

10 .. 0
K = [_z ! :::2 51}. Then, it has the (complex) logarithm

r e 0 ... 7
2 i 0 ..
0 2ir 0 ..
2. 02ir0
0 20 2ir0
C = 10g(K) = % 0 % 0 2ir 0 .. s if k even ,
0 2020 2ir0 ..
2 2 2 .
7 050502m0 -
2 2 2 2 -
(2.7) [ %=1 7 0 5 0 35 0 24r |
- 1 0 -
2 im0 ...
0 2 4r 0 ..
2.0 2ir0 ..
2 ; .
C = log(K) = |9 5 92m0 , if k odd .
500 502mo.
2 2 2 .
) 0 30502271"0
2 2 2 .
L 0 7= 0 ... £ 0 50 24mr |

10 ..
Proof. Let N := C —irl, so that ¢ = —eV. Let G := {2 10 } We now show
999
that G has a logarithm given by NV, so that ¢V = G, and the result will follow. Since
all eigenvalues of GG are equal to 1, a logarithm for it can be obtained from the series

log(@) =2 ) 5 [(G = DG+ D)7

2j + 1

which converges for all matrices G with eigenvalues with positive real parts (e.g.,
see [2]). Now, observe that

(G—IxG+n”~={985m }[%gﬁm}_lzzF,
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0 ..
where F'is the (forward shift) matrix [é .. |. Therefore, since F*J =0, j =
G

0,1,..., and FV is just the matrix of all 0’s except the j-th subdiagonal of 1’s, we

have that the above series for log(G) gives log(G) = 2 Z]Li/on_l ﬁF 271 which is

N. U
Next, consider the case of two blocks of type (b)—(ii).

Lemma 2.15. Consider two canonical blocks of type (b)-(ii) as in Lemma 2.4,
K0 0
each of size 2k. That is, we have the symplectic matriz [OOK] [K—T 0 ] with
0o KT
K € R¥*F. Then, this matriz has the real Hamiltonian logarithm

(2.8) L= [ 5] [§ %] [§8],

where P is the permutation associated to the indices [1,k+ 1,2,k +2,...,k,2k],

D 0
2I D 0 ..
0 2I D 0 ..
21 0 2I D O .. ‘
R = 0 21 02D O .. , if k even ,
2 2
27 0 27 0 21 D .o
2 2 2
(2.9) | 7551 - 310 31021 D
- D 0 ..
2I D 0 ..
0 20 Do
R = |3 0 28D 0 - 1 if kodd,
2 2
=1 0 21 021D O
| 0 %I 0 ..2r02D

and D =2 T].

Proof. That L is Hamiltonian is evident, since [£ 3] is symplectic. To show that it is

a logarithm, it suffices to show that R is a logarithm of P [& 2] PT. But this follows
at once from Lemma 2.14, using C' there to obtain P[§ %] PT and then replacing
the diagonal blocks [ 2] by D. O

0 i

Next, consider a block of type (b)—(ii) of size 2k with k odd.
Lemma 2.16. Consider a block of size 2k of type (b)-(ii), with k odd, U :=

[Ig KQT}, with K giwen in Lemma 2.4. Then, U has a real Hamiltonian logarithm
given by

Le 0
(2.10) L= [OG —Lg} + [—02%} 5

where Lg is the logarithm of G given in the proof of Lemma 2.14, and X is given in
(2.6).
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Proof. Clearly, the matrix L in (2.10) is Hamiltonian. Observe that U = — Iy [(0; GQT },

ba —22} is a Hamiltonian logarithm of [§ %7 ], and [ % §] is a Hamiltonian log-

arithm of —I,,. Moreover, it is simple to verify that these two logarithms commute.
To complete the proof, it is enough to recall that if two matrices A, B commute,
AB = BA, then e*8 = e4eB. O

Next, consider blocks of type (b)-—(iii).

Lemma 2.17. With the notation of Lemma 2.4, let two canonical blocks of type (b)-
K 0 00
(iii), each of size 2k, be given. That is, we have the symplectic matriz [[v?/ Ig]] [K[IQ 0]0 ]
0w 0o KT
with K, W € R¥**_ Then, this matriz has the real Hamiltonian logarithm

(2.11) L= [T o] [X ] [0
where P and R are as in Lemma 2.15, and X is the symmetric matriz (all blocks
are 2 X 2)

2 2 2 2
“mal 0 sl 00—yl 0 =gzl 0
2 2 2 2
0 sl 0 m=mI 0 ogml 0 g4l
2 2 2 2
—5—=1 O —5—1 0 -1 ... 0 —2—=1 0
2k—3 2k—5 2k—7 k—1 .
X = , if k even ,
2 2 2
(2.12) | 0 10 ZHrooo .20 21 |
-, ) )
o ¥ SR N ¥ S USRI Ul
2 2 2
0 sl 0 gl 51 0
X = , if k odd .
2 2
| -1 0 —551 0 .. 0 =21

Proof. Clearly L is Hamiltonian. To show that it is a logarithm, with X as given,
realize that

(2.13) [é

0
(PP

0
0

O~ OO
N

0 10 0 0

)71 0 [R 0 j| 00(P1P2) 0 . |:R2k 0 j|

0 X R T 017 0 0 - 0 Rop
(P1P2)71 00 0 (P1P2)

is a logarithm of [KOQ’“ KO%}, where P, and P, are defined in the proof of Lemma

2.6. 0]
Proof of Theorem 2.7. With the notation of Lemma 2.3, recall that we needed to find

Au+1 Bu+1

L= [%; %ﬂ real Hamiltonian logarithm of V := Corr A Duti Pr | Without
R e D,

loss of generality, we can assume that in V', after an even number of blocks of each

size of type (a), there appear first those relative to —1 of type (b)-(i), then those of

type (b)-(ii) of each size, and finally an even number of each size of type (b)-(iii).
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(This we can assume, by the same reasoning as in Remark 2.2). Then, we group
these blocks by pairing those of type (a), those of type (b)—(iii), and those of type
(b)—(ii), possibly leaving one block of type (b)—(ii) with k£ odd alone (if we have
an odd number of blocks of same size of type (b)—(ii) with k£ odd). Now we use
Lemmata 2.10, 2.12, 2.15, 2.16 and 2.17, to obtain the logs of each of these groups,
and hence we obtain L by stacking together these logarithms in the same way as the
canonical blocks appeared. Since all logarithms obtained from the above Lemmata
are Hamiltonian, so is L, by a similar argument to that used in Lemma 2.3. ([
As noticed in Remark 2.9, the assumptions we have for Theorem 2.7 are almost
the same as those of Theorem 1.1. It is natural to ask whether in Theorem 2.7
one could weaken the assumption relative to blocks of type (b)-(ii), to that of
any number of blocks of this type also for k even. Now, we already know from
Williamson’s arguments ([8]) that we cannot weaken the assumptions of Theorem
2.7. Still, in line with our constructive approach, here we show that the conditions
are sharp by means of an example. To be precise, we show that, in case k = 2, a
block of type (b)—(ii) does not have a Hamiltonian logarithm. To do this, we will
use the following result, a proof of which can be found in [5, Theorem 2, p. 69].

Lemma 2.18. Let U € R?**?F be a symplectic matriz with all eigenvalues equal to
—1. Then U has a real Hamiltonian logarithm if and only if it has a real symplectic
square root.

Consider now

00
0 0}

— 1 9

0 —1

which is a block of type (b)—(ii) of size 4; to be precise, U is obtained after a
symplectic transformation: U = [} 22 ][5 2] [V, %], with V = [29]. We
want to show that U has no real symplectic square root. To this end, we computed
all possible real square roots of U. These are given by the four parameters family

—_
[y

10
_ | -1-
U=1% %

0 0

2

—-a 0 0 —aotl
(&
2 2
(214> U1/2 — b —q & c+1 _—2abc+ca dictd 7
d —c a b
c O 0 a

where a,b, c,d real and ¢ # 0. It is now immediate to verify that for no choice of
these parameters we can obtain (U'/2)T EU'Y? = E, and so Theorem 2.7 is sharp.
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the manuscript.
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